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The task of this research is to determine the values of the generalized strength pa-
rameters of the foundation soil пд*

свσ   and пд
свσ  , at which the depth ΔZ of the development of 

Coulomb areas of plastic deformation under the edges of the foundation of finite rigidity
thickness Н, loaded with a uniformly distributed load of variable intensity q and foundation of 
the same thickness, bearing a rigid above-foundation structure of variable height H* will 
correspond to the closure of plastic area under the base of the foundation what is complied 
with the ultimate state of the foundation (according to Prandtl). To carry out computer model-
ing a list of variables of design parameters that influence the process of formation and de-
velopment of plastic areas under the sole of the foundation, and the intervals of their 
change, has been established. As a result of the calculations and processing of the data 
obtained it was found that the numerical values of пд*

свσ   and пд
свσ   differ significantly from 

each other: equations of approximating curves of dependencies of the form ( )пд
свσ / γf q H=

and ( )пд* *
свσ f H=  ;  пд* *

свσ ln
о

Ef
E

  
=      

   and  пд
св

о

σ (ln )Ef
E

 
=  

 
  have different forms corre-

spondingly and are described by the different approximating expressions. If it is given the 
values of the generalized strength parameters of the foundation soil пд*

свσ   and пд
свσ  , which 

the soil mass should have after its fixing, then using the graphs shown in Fig. 6–10 and the 
table it will be possible to conclude whether the limit state of the fixed soil base will be
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achieved under given loads. In other words, focusing on the numerical values of пд*
свσ  and 

пд
свσ  , it is possible to determine the values о оγ ;  φ; ;  c E  , which must be obtained in the 

process of fixing the soil base so that the specified external load does not exceed the maxi-
mum permissible value. 
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Задачей, поставленной в настоящем исследовании, является определение зна-
чений обобщенного прочностного параметра грунта основания пд*

свσ  и пд
свσ , при которых 

глубина ΔZ развития кулоновских областей пластических деформаций под краями фун-
дамента конечной жесткости толщиной Н, нагруженного равномерно распределенной 
нагрузкой переменной интенсивности q, и фундамента той же толщины, несущего жест-
кую надфундаментную конструкцию переменной высоты H*, будет соответствовать 
смыканию пластических областей под подошвой фундамента, что соответствует пре-
дельному состоянию основания (по Прандтлю). Для проведения компьютерного моде-
лирования установлен перечень переменных расчетных параметров, оказывающих
влияние на процесс образования и развития пластических областей под подошвой фун-
дамента, и интервалы их изменения. В результате проведенных вычислений и обработ-
ки полученных данных, установлено, что численные значения величин пд*

свσ  и пд
свσ  су-

щественно отличаются друг от друга: уравнения аппроксимирующих кривых зависимо-

стей вида пд
свσ ( / γ )f q H=  и пд*

свσ ( *)f H= ; пд*
св

o

σ * (ln( ))Ef
E

=  и пд
св

o

σ (ln( ))Ef
E

=

соответственно имеют разную форму и описаны разными аппроксимирующими выра-
жениями. Если заданы величины обобщенных прочностных параметров грунта основа-
ния пд*

свσ  и пд
свσ , какими должен обладать грунтовый массив после его закрепления, то, 

используя графики, приведенные на рис. 6–10, и таблицу, можно будет сделать вывод о 
том, будет ли достигнуто при заданных нагрузках предельное состояние закрепленного
грунтового основания. Другими словами, ориентируясь на численные значения пд*

свσ и 
пд
свσ , можно определить величины γo; ϕ; c; Eo, которые должны быть получены в процес-

се закрепления грунтового основания, чтобы заданная внешняя нагрузка не превышала 
величины предельно допустимой. 

 

© ПНИПУ

 
Introduction  

When determining the bearing capacity of the foundations loaded with a central vertical load 
the solution and design scheme proposed by L. Prandtl are considered as the main and classical 
solution [1]. 

Solving the problem of the theory of ideal plasticity about the indentation of a rigid die into 
a half–space, in the case of plane deformation, and using the condition of plasticity of Tresk – 
Saint-Venant, Prandtl determined the depth of the focus of large plastic deformations, the extent 
of deformation zones on the free surface, the stress state in the plastic region, contact stresses and 
the force of insertion of the punch into the half-space in the absence of contact friction. 
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Fig. 1. Calculation scheme of L. Prandtl: ADC (I) – elastic core; AED and CDE׳ (II) – areas  

of plastic deformation; AEF and CE׳F׳ (III) – Rankine zones 

Later R. Hill [2] showed that L. Prandtl's solution is not the only one and proposed another slip 
field. The corresponding calculation scheme has also found application in soil mechanics: both so-
lutions give the same expressions for the value of the normal stress on the contact surface. 

However, historically, in the vast majority of cases the methods for calculating the bearing ca-
pacity of foundations are based on this scheme, therefore, presenting the material we’ll rely on it. 

If a normal uniformly distributed load is applied to the surface of the soil the intensity of which 
is increased gradually, then the soil under load, while its intensity is not high, will be compacted 
until local shifts occur under the edges of the load at points A and C (Fig. 1), that is, a state in which 
the Coulomb strength condition [3, 4] is fulfilled (limit state). The resultant of this load is called the 
Pult first critical load. The expression for its finding was first given by N.P. Puzyrevsky [5] 

 

( )1 ctg
.

ctg / 2ult

h c
P h

π γ + ⋅ ϕ
= + γ

ϕ + ϕ − π
                                      (1) 

It is considered that if the areas of plastic deformations are developed under the foundation 
base to a depth of / 4z bΔ ≤ , then the base is linearly deformable, and the load value correspond-
ing to the fulfillment of the condition / 4z dΔ =   is called the calculated resistance 

 

( )0,25 ctg
.

ctg / 2
b h c

R h
π γ + γ + ⋅ ϕ

= + γ
ϕ + ϕ − π

                             (2) 

If the load is P R≤ , then the settlement of the foundation can be calculated in the frame-
work of linear elasticity. 

The analysis of formula (2) indicates that the value of R calculated with its use can be increased 
significantly with increasing the width of the foundation plate b (included in the numerator of expres-
sion (2)), which is pointed out by A.V. Pilyagin [6, 7]. The fact that the value of the designed resis-
tance of the foundation R, calculated by formula (5.7) “Set of Rules 22.13330.2016. Foundations of 
buildings and structures” has highly overestimated values is also mentioned in [8–10]. 

With a further increase of the load the bearing capacity of the soil is completely exhausted, 
accompanied by the closure of areas of plastic deformations (at point D in Fig. 1) and the comple-
tion of the formation of an elastic soil core (∆ADC, Fig.1), which force aside the soil to the left 
and right of itself, resulted in global deformations of the base. The load corresponding to this 
moment is called the second critical or maximum permissible load. 

For the first time, the formula for determining the magnitude of this load for a weightless 
base being under the influence of a uniformly distributed band load of intensity q was obtained by 
L. Prandtl [1] and X. Reisner [11]: 
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 ( )2 1 sin .
1 sin

tan
ult pdP P q c ctan e c ctanπ ϕ+ ϕ= = + ⋅ ϕ ⋅ − ⋅ ϕ

− ϕ
               (3) 

Considering the formula (3) we see that in no way is it taken into account the rigidity of the 
foundation, the numerical values of the Poisson coefficients μ (coefficients of lateral pressure ξo) 
of the soil and the foundation material, its width, thickness, depth of laying, and so on. Probably 
due to this fact many theoretical [12–14] and experimental studies [15–17] indicate overestimated 
values of the 2

ultP  obtained by the formula (3). 

Indeed, it is impossible to get the analytical solution of determining 2
крi , which would 

take into account all the above mentioned factors. So, numerical methods come to the rescue. 
In particular, in the works [18–20] it was investigated the problems of formation and devel-
opment of plastic deformation areas in the homogeneous base, taking into account the rigidity 
of the foundation and the above-foundation structure. It was noted that areas of plastic defor-
mations under the stamp thickness H begin to form not only under its edges, but also in the 
depth of the core under its base. As the numerical value of the ratio of the deformation 
modulus of the stamp material and the base soil E/Eo increases, the shape of the compacted 
soil core (CSC) arising under the stamp changes from the shape of a curved trapezoid to the 
shape of a triangle with curved sides. 

The process of development of the plastic deformations area (PDA) under a thick stamp with 
all the considered values of E/Eo begins under its edges, and the shape of the soil core in the form 
of a triangle with a curved boundary remains constant. In this case, the closure of plastic areas 
occurs at approximately the same depth. The values of the maximum permissible load and design 
resistance for a thick stamp (H*= 6H, consideration of the rigidity of the above-foundation struc-
ture) are 17–25.9 % and 2.8–24.3 % higher than the corresponding values for a stamp with a 
thickness of H loaded with a uniformly distributed load equivalent in force with the numerical 
values of the E/Eo ratio considered in the work. 

 
The goal of the research 

With reference to the above mentioned investigations we specify the problem of determin-
ing the value of the given cohesion pressure of the foundation base which should be achieved in 
the process of the foundation base reinforcement irrespective of the method used and when the 
base does not undergo structural failure. In other words, it is necessary to determine numerical 
values of the generalized strength parameters of the foundation soil пд*

свσ   and пд
свσ  provided that 

o

E
E

 = 1; 2; 5; 10; 100; 1000; 2 2; 4; 6;10; 20.b
H

=   The intensity of the uniformly distributed 

load transmitted to a rigid foundation with a thickness of H consistently takes the values 
( ) 1

oγ 0; 3;12; 20,q H − =   the angle of internal friction of the soil – φ = 20о; 25о; 30о; 35о, and the 
height of the rigid above-foundation part of the structure is consistently assigned the values 
H* = 0, 1,5Н, 6Н, 10Н (considering the conditions [19–21], that оγ ,2γ=   it is not difficult to 
see that the corresponding values of the uniformly distributed load and the load from the base-
ment part of the structure (H*), in the power sense, are equivalent). 
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Fig. 2. Coulomb diagram for cohesive soil 

The value of the reduced cohesion pressure (4) is taken as a generalizing strength parameter 
due to the fact that (see Fig. 2) the manifestation of soil cohesion seems to be equivalent to a ficti-
tious increase of the normal stress in the shear plane what increases the strength of the soil 

 ( ) 1,
св ,с Htan −σ = γ ϕ                                  (4) 

where: H – foundation depth; c; γ; φ – adhesion, specific gravity and soil cohesion. 
All calculations have been performed with the help of computer programs [22, 23], in which 

it is formalized the finite element method, allowing to take into account most of the parameters 
listed in the introduction influencing the process of development of Coulomb plastic deformation 
regions (CDRs). 

In the process of computer modeling the situation when according to the Prandtl calculation 
scheme (Fig. 1) the PDAs closing takes place is assumed as the moment of the limit state appearing. 

 
Results of calculation 

Having regard to the conditions of the set task and with the help of computer programs 
[22, 23] it has been obtained 960 numerical values of generalized strength parameters of the 
foundation soil пд*

свσ  and пд
свσ  each, corresponding to all possible combinations of design vari-

ables, the limits of variation of which are given above.  
As an example Fig. 3 shows the plastic deformation areas in the base of the foundation with 

footing depth and thickness Н and width b = 6H at E/Eо = 10 with the depth of the rigid above-
foundation part H* = 1,5Н; 6H; 10H (a–c) and equivalent in terms of force uniform intensity load 
q = 3γН; 12γH; 20γH (d–f). 

Analysis of the figures shows that the areas of plastic deformation under the stamp of thick-
ness Н develop not only under its edges but also in the depth of the core under its foot. The verti-
cal cross-section of the elastic core (EC) has the shape of a curvilinear trapezoid. The process of 
PDAs development under a thick (height H*) stamp starts under its edges, and the vertical cross-
section of the soil core has the form of an isosceles triangle with curvilinear sides. The closing of 
the plastic areas occurs at approximately the same depth. The corresponding values of the nu-
merical values of the generalized strength parameters of the foundation soil пд*

свσ  and пд
свσ  for a 

thick stamp (thickness H*, taking into account the rigidity of the above-foundation structure) and 
a stamp with thickness H (rigidity of the above-foundation part is not taken into account) may 
differ by 20–140 % from each other. 
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a d 

  

b e 

  

c f 

Fig. 3. Plastic deformation areas in the foundation base of thickness and footing depth Н and width b = 6H 
at E/Eо = 10 with the depth of the rigid above-foundation part H* = 1,5Н; 6H; 10H (a–c) and equivalent in 

terms of force uniform intensity load q = 3γН; 12γH; 20γH (d–f) 
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Fig. 4. Graphical dependences of the form ( )пд
свσ / γf q H=   and пд* *

св )σ (f H=  at 2b =2H; 4H; 6H and 

E/Eо = 10 without regard to (a–c) and with regard to (d–f) rigidity of the above-foundation structure 
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Fig. 4 shows graphical dependences of the form ( )пд
свσ / γf q H=  and ( )пд* *

свσ f H=  at 
2b = 2H; 4i; 6H and E/Eо = 10  without regard to (a–c) and with regard to (d–f) rigidity of the 
above-foundation structure, plotted on the basis on the calculations, in the process of which the 
areas of plastic deformations, given in Fig. 3 are obtained. The analysis of the pictures shows 
that dependences of the form ( )пд

свσ / γf q H=   with certainty 2 1R =  are approximated by di-

rect lines. The curves of the form ( )пд* *
свσ f H=  with certainty 2 0,99 1,0R = −  are approxi-

mated by logarithmic curves. 
It should be mentioned that a linear approximation of the dependences in the form of 

пд* *
св )σ (f H=  can also be carried out; then the accuracy of the approximation will be 10–35 % 

lower. The exception is curves пд* *
св )σ (f H=  at 2b = 2H, the accuracy of approximation of which 

by straight lines is equal to 2 1R = . 
 

  
a b 

Fig. 5. Graphical dependences of the form пд
свσ (2 )f b=   and ( )пд*

свσ 2f b=  at φ = 25о and E/Eо = 10  
  without regard to (a) and with regard to (b) rigidity of the above-foundation structure 

Fig. 5 shows graphical dependences of the form пд
свσ (2 )f b=   and пд*

свσ (2 )f b=  at φ = 25о 
and E/Eо = 10 without regard to (a) and with regard to (b) the rigidity of the above-foundation 
structure, from which it can be seen that in both cases the value 2b affects the required strength 
properties of the soil and the nature of this influence (the shape of the corresponding curves) is 
similar in both cases. Difference of numerical values of quantities пд

свσ  and пд*
свσ  can be up to 

20 % depending on the value of parameter 2b. 

Fig. 6–10 show graphical dependences of the form пд* *
свσ ln

о

Ef
E

  
=      

 and пд
свσ ln

о

Ef
E

  
=      

  

to determine the required values of generalized strength parameters with regard to (a–c; H*=1,5H; 
6H; 10H correspondingly) and without regard to (d–f; q = 3γH; 12γH; 20γH correspondingly) of 
the above-foundation structure rigidity in case of  2b = 2H; 4H; 6H; 10H; 20H. From these figures 

it can be seen that the curves of the form пд* *
свσ ln are approximated by

о

Ef
E

  
=      

 straight lines 

while the curves of the form пд
свσ ln

о

Ef
E

  
=      

  – by polynomials of the third degree, moreover, 

the accuracy of the approximation in both cases is 2R  ≥ 0.97. 
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a b c 

   
d e f 

Fig. 6. Graphical dependences of the form пд* *
свσ ln

о

Ef
E

  
=      

   and пд
свσ ln

о

Ef
E

  
=      

  for determining 

the maximum permissible load with regard to (a–c; H* = 1,5H; 6H; 10H correspondingly) and without  
regard to (d–f; q = 3γH; 2γH; 20γH correspondingly) rigidity of the above-foundation structure at 2b = 2H 

   
a b c 

  
 

d e f 

Fig. 7. Graphical dependences of the form пд* *
свσ ln

о

Ef
E

  
=      

   and пд
свσ ln

о

Ef
E

  
=      

  for determining 

the maximum permissible load with regard to (а–c; H* = 1,5H; 6H; 10H correspondingly) and without  
regard to (d–f; q = 3γH; 12γH; 20γH correspondingly) rigidity of the above-foundation structure at 2b = 4H 
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a b c 

 
 

 
d e f 

Fig. 8. Graphical dependences of the form пд* *
свσ ln

о

Ef
E

  
=      

   and пд
свσ ln

о

Ef
E

  
=      

  for determining 

the maximum permissible load with regard to (a–c; H* = 1,5H; 6H; 10H correspondingly) and without  
regard to (d–f; q = 3γH; 12γH; 20γH correspondingly) rigidity of the above-foundation structure at 2b = 6H 
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Fig. 9. Graphical dependences of the form пд* *
свσ ln

о

Ef
E

  
=      

   and пд
свσ ln

о

Ef
E

  
=      

  for determining 

 the maximum permissible load with regard to (a–c; H* = 1,5H; 6H; 10H correspondingly) and without  
regard to (d–f; q = 3γH; 12γH; 20γH correspondingly) rigidity of the above-foundation structure at 2b = 10H 
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a b c 

   
d e f 

Fig. 10. Graphical dependences of the form пд* *
свσ ln

о

Ef
E

  
=      

  и пд
свσ ln

о

Ef
E

  
=      

  for determining  

the maximum permissible load with regard to (a–c; H* = 1,5H; 6H; 10H correspondingly) and without  
regard to (d–f; q = 3γH; 12γH; 20γH correspondingly) rigidity of the above-foundation structure at 2b = 20H 

The graphical interpretations of the calculation results shown in Fig. 3–10 indicate that the 
numerical values of the generalized strength parameters of the foundation soil пд*

свσ  and пд
свσ  for 

the thick stamp (thickness of H*, consideration of rigidity of the above-foundation structure) and 
stamp of H thickness (rigidity of the above-foundation part is not taken into account) depend sig-
nificantly on all the factors considered in this paper: the width of the foundation 2b, the force 
equivalent parameters q and H*, the ratio of deformation modules E/Eо and the angle of the inter-
nal friction of the foundation soil φ. The absence of some curves on these or that graphs suggests 
that the numerical values of variables of the calculated parameters reflected in the graphs, the 
limiting state of the base (the closure of plastic areas under the foundation base) is not achieved 
even with пд*

свσ = пд
свσ =0 (as it is known пд*

свσ ≥ 0 и пд
свσ  ≥ 0, which follows from the formula (4)). 

 
Conclusion 

In the process of designing buildings and structures raised on fixed (reinforced) foundations 
numerical values of the required quantities of the generalized strength parameters of foundation soil 

пд*
свσ  and пд

свσ  can be determined according to the graphs given in Fig. 6–10 and constructed on the 

base of the results of multivariate computer analysis. To find пд*
свσ  and пд

свσ  for intermediate values 
of variables of calculated parameters interpolation methods should additionally be used. 
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The tables show the numerical values of the coefficients for the approximating curves which 
determine the numerical values of пд*

свσ  (see Fig. 6–10, a–c) for foundations with a rigid part above 
the foundation height H*. Using interpolation methods it is possible to determine these coefficients 
for specific values of variables of the design parameters and calculate the corresponding value of 

пд*
свσ . In the same way it is possible to calculate the required value пд

свσ , if we take the numerical 
values of the corresponding coefficients directly from the Fig. 6–10, d–f.  

 Values of coefficients of approximating curves 
2b/H = 2 

H*/H = 1,5 H*/H = 6 H*/H = 10 β 
a b a b a b 

25 –0,0272 0,8272 –0,1391 3,0993 –0,2278 5,0778 
30 –0,0294 0,9765 –0,1071 1,1549 –0,1691 2,819 
35 – – –0,0848 0,4916 –0,1232 1,1581 

2b/H = 4 
H*/H = 1,5 H*/H = 6 H*/H = 10 β 

a b a b a b 
25 –0,0437 0,9747 –0,119 3,8903 –0,2637 5,7043 
30 –0,0636 0,1843 –0,091 2,0139 –0,1948 3,0282 
35 – – –0,0876 0,6693 –0,1412 1,0442 

2b/H = 6 
H*/H = 1,5 H*/H = 6 H*/H = 10 β 

a b a b a b 
25 –0,0601 0,1013 –0,1208 4,0067 –0,3156 5,666 
30 –0,0706 0,1013 –0,1091 1,9661 –0,2824 2,7112 
35 – – –0,1028 0,4414 –0,194 0,562 

2b/H = 10 
H*/H = 1,5 H*/H = 6 H*/H = 10 β 

a b a b a b 
25 0,0014 0,9928 –0,1894 3,1347 –0,1755 5,7312 
30 –0,0403 0,1178 –0,0964 0,648 –0,1221 2,2653 
35 – – – – –0,1667 0,1 

2b/H = 4 
H*/H = 1,5 H*/H = 6 H*/H = 10 β 

a b a b a b 
25 –0,0299 0,692 –0,1791 3,2484 –0,2164 5,58 
30 – – –0,1896 0,3109 –0,207 1,4543 
35 – – – – – – 

 
It should be mentioned that the results obtained by means of the above graphs and tables are 

in qualitative agreement with the data of the papers [23–25]. 
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