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EBpasunnckumn HaumoHanbHbI YHUBEPCUTET
nmenu J1.H. T'ymnnesa, Hyp-CyntaH, Pecnybnuka KaszaxctaH

O HENWHENHbIX UHTEMPATNIbHO-AU®®EPEHLUUATIBbHbIX
YPABHEHUAX BOJIbTEPPA — ®PEAIOJIbMA

PaccmoTpeHbl ABe HenuHelHble 3agadn B TepMuHax abCTpakTHbIX OnepaTopHbIX YpaBHEHWUM
Buaa Bx =f. B nepBon 3agave onepaTtop B cooepxut nuHerHbii auddepeHumanbHbeil onepaTtopa A,
onepaTtop BonbTeppa K ¢ a4poM CBEPTOYHOrO TUMa u ckanspHoe npoussedeHue Bektopos g(x)®(u) ¢
HeNMHeMHbIMU rpaHnyYHbIMU dyHKUMoHanamn . lMepsas 3agava 3anvcbiBaeTcs B BUAE YpaBHEHWS
Bu(x) = Au(x) — Ku(x) — g(x)®(u) = f(x) npu rpaHnyHbix ycnosusix D(B) = D(A). Bo BTopoi 3agaye one-
paTop B copepXuT nuHenHbI auddepeHumanbHbIi onepatopa A 1 ckanspHoe Npou3BefeHne BEKTO-
poB g(x)F(Au) c HenuHelHbIMU orpaHuyeHHbIMK Ha Cla, b] dyHKkunoHanamu F, rae F(Au) obosHavaroT
HenuHelrHbI nHTerpan ®pegronbma. BTopas 3agava 3agaetcs ypaBHenuem Bu = Au — gF(Au) = f npu
rpaHunyHbIX ycrosusix D(B) = D(A).

[MpennoxeH NpSMOV METOA MOWCKa TOYHBbIX PELUEeHUI HEeNUHEWHBIX MHTerpanbHo-anddepeH-
LmanbHbIX ypaBHeHnn BonbTeppa — ®Ppedronbma, a UMEHHO B HacTosiLeln paboTe fokasaHbl Tpu Teo-
peMbl O CyLLEECTBOBAHWUMN TOYHBIX PELLEHWI.

lMepBasi Teopema o03HayaeT, 4YTO NPUM HEHYNEeBOW KOHCTaHTE Op WHTerpanbHo-andde-
peHumanbHoe ypaBHeHune BonbTeppa Au(x) — Ku(x) =0 cBognUTCS K MHTerpanbHOMY ypaBHeHui0 Bornb-
Teppa 1 MMeeT YHMKanbHoe Hynesoe pelleHve. B To e Bpems onepatop A — K 3aMKHYTbIVi U Henpe-
pblBHO o6paTtumbii. Takke ecnun dyHkuun u(t), g(t) v f(t) UMeroT aKCNOHEHUManbHbIA NOPSAOK O, TO
HeogHopoaHoe ypaBHeHue Au(x) — Ku(x) = f(x) ans kaxagon f(x) umeeT yHukanbHoe pelueHne, nokasaH-
HOe B HacTosLen paboTe.

Btopas Teopema o3HavaeT, 4TO AMA NepBOW UccreayemMon 3agayn ¢ obpaTMMbIM OnepaTopom
A - K, ans f(x) n g(x), I'IpMHa,El,J'Ie)KaLIJ,MX HenpepbIBHOMY OTPEe3Ky [a b], TouHOE pelueHne onpeaenseTcs
ypaBHeHueMm u = (A — K)~ f+(A K) gb ONS KaX4oro BekTopa b = ®(u), KoTOpbIN peLuaeT HeJ'II/IHeI/IHyIO
anrebpanyeckyio (TPaHCLEHEHTHYI0) cUcTeMy M3 n ypaBHeHui b= ®(A — K)'f +(A — K)'gb).
B cnyyae ecnu nocnefHas anrebpanyeckas cuctema He MMeeT pelleHus, TO uccredyemasi 3ajada
Takke He MeeT peLUeHus.

TpeTba Teopema O3Ha4aeT, YTO TOYHOEe peLleHne BTOPOW Uccreayemon 3agayun onpegensercs
ypaBHeHuem u = A™'(f+gd’) ans kaxaoro Bektopa d = F(Au), KOTOPbIN pellaeT HeMMHeliHyto anreGpan-
Yeckylo (TpaHCLEeHOEHTHYI0) cucteMy ns n ypasHenun d = F(f + gd). B atom cnyyae Mbl umeem Takoe
Xe CBOWCTBO, ecnu nocnegHsasa anrebpanyeckas cuctema He MeeT peLleHnst, TO nccneayemas sagada
Takke He MMeeT peLleHnst

[lBa 4acTHbIX NpumMepa paccMOTpeHbl ANs KaX4on nccneayeMon 3agjavum, nokasbiBawlume mno-
ny4eHVe TOYHbIX peLleHnin NyTeM NpUMEHeHUs NpeaioXeHHoro metogda. B nepsom npumepe paccmort-
peHo MHTerpanbHo-gnddepeHumnansHoe ypasHeHne Bonbteppa — ®pearonbma, a BO BTOPOM NpumMepe
paccMOTPEHO ypaBHEHWE C HEMUHENHBIM HTerpanom Ppearonsma.

KnioueBble cnoBa: kpaeBble 3aayqu, HavarnbHbIe 3a4ayn, TEOPeMbl CYLLEECTBOBAHUS peLleHus,
HenunHelrHble MHTerpanbHo-aMddepeHUmanbHbie ypaBHEHNs, ypaBHeHs BonbTeppa — ®pearonbma,
HennHeVHbIN nHTerpan Ppearonbma, TOYHbIE peLleHus, NpsaMoi mMeTod, onepaTtop BonbTeppa ceep-
TOYHOTO TWNa, abCTpaKkTHbIe ONepaTopHbIEe YPaBHEHWSI.
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ABOUT NONLINEAR INTEGRO-DIFFERENTIAL
VOLTERRA AND FREDHOLM EQUATIONS

Two nonlinear problems in terms of abstract operator equations of the form Bx = f are investi-
gated in this paper. In the first problem the operator B contains a linear differential operator A, the
Volterra operator K with kernel of convolution type and the inner product of vectors g(x)®(u) with nonlin-
ear bounded functionals ®. The first problem is given by equation Bu(x) = Au(x) — Ku(x) — g(x)®(u) = f(x)
with boundary condition D(B) = D(A). In the second problem the operator B contains a linear differential
operator A and the inner product of vectors g(x)F(Au) with nonlinear bounded on Cla, b] functionals F,
where F(Au) denotes the nonlinear Fredholm integral. The second problem is presented by equation
Bu = Au — gF(Au) = f with boundary condition D(B) = D(A).

A direct method for exact solutions of nonlinear integro-differential Volterra and Fredholm equations is
proposed. Specifically, the three theorems about existing exact solutions are proved in this paper.

The first theorem is mean that for nonzero constant a, Volterra integro-differential equation
Au(x) — Ku(x) = 0 is reducing to Volterra integral equation and has a unique zero solution. During it the
operator A — K is closed and continuously invertible. Also, if the functions u(t), g(f) and f(t) are of expo-
nential order a then nonhomogeneous equation Au(x) — Ku(x) = f(x) for each f(x) has a unique solution,
shown in this paper.

The second theorem is mean that for the first investigated problem with an injective operator
A — K, for f(x) and g(x) from Cla, b], the exact solution is given by equation u = (A — K)"'f+(A = K) 'gb’
for every vector b= ®d(u) that solves nonlinear algebraic (transcendental) system of n equations
b = (A — K) 'f+(A — K)” 'gb). And if the last algebraic system has no solution, then investigated prob-
lem also has no solution.

The third theorem is means that exact solution of the second investigated problem is given by
u=A" 1(f+gd') for every vector d'= F(Au) that solves nonlinear algebraic (transcendental) system of n
equations d = F(f + gd). In this case we have same property — if the last algebraic system has no solu-
tion, then investigated problem also has no solution.

Two particular examples for each considered problem are shown for illustration of exact solu-
tions giving by perform the suggested in this paper methods. In the first example was considered
integro-differential Volterra and Fredholm equation and in the second case was considered equation
with nonlinear Fredholm integral.

Keywords: Boundary value problems, initial problems, Existence Theorem, nonlinear integro-
differential equation, Volterra and Fredholm equations, Fredholm integral, exact solutions, direct meth-
od, Volterra operator with kernel of convolution type, abstract operator equations.

Introduction

The Volterra and Fredholm integro-differential equations (IDEs) ap-
pear in modeling many situations in areas such as mechanics, electromag-
netic theory, population dynamics, pharmacokinetic studies, forestry and
many others [1-6]. Existence and Uniqueness Theorems are illustrated for
the systems of Volterra IDEs of first order in [7—10]. The finding for exact
solutions to nonlinear integro-differential equations is a difficult problem,
because this problem is reduced to a nonlinear system of algebraic (tran-
scendental) equations. The solutions of nonlinear Volterra and Fredholm
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IDEs are obtained in the most cases by numerical methods [11, 12]. Exact
solutions of Volterra and Fredholm integro-differential equations where
studied in [4], [13-21]. In this paper we investigate two problems with
equation Bx= f". In the first problem the operator B contains a linear differ-

ential operator A, the Volterra operator K with kernel of convolution type
and the inner product of vectors g(x)®(u) with nonlinear bounded

functionals ®,, i=1,...,n, i.e the next problem
Bu(x):Au(x)—Ku(x)—g(x)CD(u):f(x),D(B):D(A), (1

where

b _ N
CD(u) = col(CI)1 (u),...,(Dn (u)), D, (u) = L q, (t)[u(k ! (t)] dt,
g(x) = (gl (x),...gn (x)), 2 (x),qk (x) € C[a,b],
o,#0,k=1...,n, j=0,1,...,n, seR.
In the second problem the operator B contains a linear differential op-
erator A and the inner product of vectors g(x)F (Au) with nonlinear
bounded on C|a,b] functionals F,, i=1,...,n, where F(Au) denotes the

nonlinear Fredholm integral.
This paper is the continuation of the paper [16], and the generalization
of the papers [18, 21], where

Bu=Au-g®(u)=f(x), D(B)=D(4), D(4)czcX,

A is a linear correct operator, X, Z are Banach spaces and @, are lin-
ear bounded functionals on Z in [18], or @, are nonlinear bounded

functionals on Z, i =1,...,n in [21]. Note that, usually, a nonlinear Fredholm

integro-differential problem is not correct because it is transformed to nonlinear
algebraic (transcendental) equation which has most from one solutions.
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1. Terminology and notation

Let X, Y be complex Banach spaces and X~ is an adjoint to X space,
1.e. the set of all complex-valued linear and bounded functionals f on X. We

denote by f (x) the value of f on x. We write D(A) and R(A) for the do-

main and the range of the operator A, respectively. A linear operator B is
said to be an injective, if ker B=0. An operator 4: X — Y is called invert-

ible if there exists the inverse operator 4~ . An operator 4: X — Y is called

continuously invertible if it is invertible and the inverse operator A s con-
tinuous on Y. Remind that every linear injective operator is invertible.

A function f (x) is saild to be of exponential order a if
‘ f (x)‘ < Me*,0< x <o, where M, a are constants. Everywhere in this
paper we use the notations u =u(x),g=g(x), /= f(x). Remind that a lin-

ear operator 4: X —Y is called correct if R(A) =Y and the inverse A4~

exists and is bounded on Y. Denote
C, [a,b] = {u (x) € C[a,b] : u(a) = 0},

G [a.b] ={u(x) eC'[a,b]: ut™ (a)=0, j=L,.. .,n},

K(x—t)=—(K,,+K,, +K,,,+K;, s +..+K,,)(x-1)

i
aO

_O%O{al+a2(x_t)+...+(noi”l)!(x—f)n_l}

where K, . (2) is  the  antiderivative  of K, (z),

Ji+l

j=0,1..,n,i=0,1,.,n-1LK, (z)=K,(z), and K,(0)=0 or K}(0)=0,

the index 1 in K j,i(z) shows the number of integrations of the function

K, (z) . From Theorems 1, 2 [17] immediately follows the next theorem.
Theorem 1. Let o, # 0. Then

(i) Volterra integro-differentizal equation Au (x) —Ku (x) =0 or

10
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n n

Z(xl.u("fi) (x) —ZJXKJ (x—t)u(j) (t)dt =0, u (x) eC, [a,b], (2)

i=0 j=0"¢

is reduces to Volterra integral equation

u(x)-]

a

X A

K(x—t)u(t)zO, 3)

and has a unique zero solution.
(ii) The operator A-K is closed and continuously invertible, i.e.

R(A—K):C[a,b] and (A—K)_1 is continuous on C[a,b].

(iii) If the functions u (t) ,g (t),f(t) are of exponential order a. then

nonhomogeneous equation
Au(x) —Ku(x) = f(x)

for each f (x) has a unique solution

! F(s) o
u(x)=L {aos"+als""l+...+ocn—K(s)}’ xefate), @)
where F(s)= L{f(x)}, K(s)= L{K(x)} #0,s" +os"" +...+a,, where L

is Laplace Transform and L' is Inverse Laplace Transform.
We prove the next theorem.

Theorem 2. Let the operators B, A,K : C[a,b] - C[a,b], the vectors
2,D be defined as in (1) and A-K be an injective operator. Then:
(i) For f(x),g(x) € C[a,b] the exact solution to the problem (1) is
given by
u=(A-K)' f+(4-K) " gb*, (5)

for every vector b* = CD(u) that solves nonlinear algebraic (transcendental)

system of n equations

b=0((4-K)" f+(4-K) " gb), (6)

11
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(ii) If (6) has no solution, then (1) also has no solution.
Proof. (i), (i1). Since A — K is a linear injective operator and by Theo-

rem 1, R(A—K)=C[a,b] then from (1) we get
u=(4-K) g®(u)+(4-K)" f. 7
Acting by functional vector ® on both sides of (7), we obtain
®(u) = 0((4-K)" g®(u)+(4-K)" /). )

Denoting by b = ®(u) and substituting in (8) we arrive to the nonlinear
algebraic (transcendental) system of n equations

b=d((4-K)" gb+(4-K)"1). ©)

Let b* be a solution of this system satisfying b* = ®(u). By substitu-
tion of b* into Equation (7) we obtain the solution (5). It is evident that if
(6) has no solution, then (1) also has no solution. The theorem is proved.

Remartk. 1f the initial conditions in (1) are nonhomogeneous, i.e.

ul’) (a) =a;, o,€R,j=0,L...,n-1, then by transformation

) =u(x)- £ % (v-a)

k=0

the problem (1) is reduced to the case with homogeneous initial conditions
and then we can apply Theorem 2.
The next theorem is useful to solve the nonlinear Fredholm IDEs.

Theorem 3. Let the operators B, A: C[a,b] - C[a,b] , A is a lin-

ear correctoperator,

Bu:Au—gF(Au)zf, D(B):D(A), (10)

> n

and the vectors g=(g,,....g,), F=col(F,....,F,), g €Clab], F

nonlinear bounded functionals on C [a,b] , i=1,....n Then:

12
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(i) For f e C[a,b] the exact solution of Problem (10) is given by

=A'(f+gd¥), (11)

for every vector d* =F (Au) that solves nonlinear algebraic (transcenden-

tal) system of n equations
d=F(f+gd), (12)

(ii) If (12) has no solution, then Problem (10) also has no solutions.
Proof. (1), (i1). From (10), since 4 is a linear correct operator, we obtain

Aung(Au)+f, (13)
u=A"gF(Au)+A"'f. (14)

Acting by functional vector F on both sides of (13) we obtain
F(Au)=F(f+gF(Au)). (15)

Denoting by d = F(Au) and substituting in (15) we arrive to the non-

linear algebraic (transcendental) system of n equations
d=F ( f+ gd) .

Let d* be a solution of this system satisfying d*=F(Au).

By substitution of d * into Equation (14) we obtain (11). It is evident that if
(12) has no solution, then (10) also has no solution. The theorem is proved.
Below we give two examples which show the usefulness of our
results.
Example 1. The next nonlinear integro-differential Volterra and
Fredholm equation

+3J- cos —t dt—cosxj u’ —sinx,
0 (16)

u(0)=0. u(x)e [o,n]
has two exact solutions

ul(x):%sinx, u, (x)=%(2sin2x+sinx). (17)

Proof. If we compare the equation (16) with (1) it is natural to take

13
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Au(x) = u’(x), Ku (x) = —3J.Ox cos(x —t)u (t)dt, o (u) = _[:uz (t)dt,

Bu = Au—Ku—g®(u), D(B):D(A):{u(x)eCl [O,n]:u(O):O},
g(x)=cosx, f(x):?’?xsinx.

We can use Theorem 2. Let L,L™" be the operators of the direct and

inverse Laplace transform, respectively. Denote by L [u (x)] =U (S) and
L[ y(x)] =Y (s)). The functions xsinx,cosx are continuous on each

closed interval [O,b], b <o, Furthermore xsinx is of exponential order 1

and €OSX js of exponential order 0. So, we can use Laplace transform. Note
that every solution of (16) on [0,%) is also the solution of (16) on [0, 7].

From
(A—K)u(x) = u'(x)+3_[;cos(x—t)u(t)dt = y(x), u(O) =0,
by using the Laplace transform and convolutions operator we get

3

U (s)+ U () =¥ (5) orU<s>[3—S IJY(S)

st + 4(s2+4)+£

Now by using the inverse Laplace transform we obtain
u(x) :%(1+3c052x)*y(x) or (A—K)*1 y(x) :ij:[1+30052(x—t)]y(t)dt.

Then

(4-K) 'bg(x)+(4-K)" f(x)=
:lr[l+3COSZ(X_l‘)}(bCOStJrzsintjdt= (nb—2)51n2x+ 2Sinx’
+ n 2n n

O((4-K) g +(4-K) " f)= j:((nb_;)csmzx + 25;“} dx =

:gi(nzlo2 —4nb+20).
T

Now by using (6) we obtain

14
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b= é(nzbz —47h + 20).

Solving this equation, we find

b;‘:&, b’;zz.
T T

Substituting these values into (5) we obtain (17).
The next nonlinear Fredholm IDE we solve by Theorem 3.

Example 2. Let the operator B:C [0,1] - C [O, 1] be defined by

u"(x) —24sin xjon(t - 7t)|:u"(l)]2 dt = (6n2 —l)sin X,

(18)
u(0)=0, u'(0)=0.
Then Problem (18) has two exact real solutions
. 6’ —1 .
w, (x)=sinx—x, u,(x)= = (x—sinx). (19)
T

Proof. If we compare the equation (18) with (10) it is natural to take

0},

g(x)=24sinx, f(x)= (6752 —l)sinx, F(Au)= Ion(t—n)[u"(l)]z dt.

Au(x) =u”(x), D(A) = {u eC? [O,l]:u(O) :0,u'(0)

Then
Bu=u"(x)-24sinx[ " (t-m)[u'(¢)] di, D(B)=D(4), F(f)=

:I:(z—n)[f(t)]zdt

and

F(f+gd)= Jj(t —~ n)[(6n2 —1)sint+ 24dsin t]zdt =
(_nz) (20)

=(24d +6m° —1)2T

15
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2
From equation (12) and (20) we get d =—(24d+6r> 1) %, Using
Derive program we compute
. o . 36nt—121 +1
d=-"" a=- . 21
A 14477 1)
We remind that
A f(x)=[ (x=1) f(t)dl. (22)

Then substituting the values df,d;= from (21) into (11) and using (22),
we obtain

u (x)=4" (f+gdf) =J.:(x—t){(6n2 —l)sint—%224sint}dt =sinx—x,

4 2
u, (x)=4" (f+gd;) = on(x—t){(&tz —l)sint—mTli?H%sint}dt =

B 6n’ —1

6n’

(x—sinx),
which gives (19).

Hccneoosanue ne umeno cnOHCOPCKOU NOOOEpICKU. Asmopul 3a6.-
1om 06 omcymcmeuy KOHGIUKMA UHMEPeCos.
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