IIpuxnagnas MmaremaTuKa U Borpocs! ynpasineHus. 2019. Ne 1

DOI: 10.15593/2499-9873/2019.1.01
YAK 517.9

I.N. Parasidis

University of Thessaly, Larissa, Greece
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An exact real solution of linear Volterra — Fredholm and Volterra loaded integro-differential
equation Bx = fis presented.
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Introduction. Volterra — Fredholm integro-differential equations
(IDEs) appear in various fields of science such as physics, biology, and en-
gineering. Such equations are the mathematical models in the problems of
mechanics, electromagnetic theory, population dynamics, fluid dynamics,
pharmacokinetic studies and many others [1-5]. Usually it is difficult to
solve Volterra — Fredholm IDE using analytical methods. By Adomian de-
composition method in [6—7] the solution of such IDEs is given in an infi-
nite series of components that can be recurrently determined. Spline colloca-
tion method was used to solve Volterra integro-differential equations in [8].
The numerical solution of linear Fredholm — Volterra integro-differential
equations was studied in [9]. In [10] was developed an existence and
uniqueness theorem of the solution to an initial value problems for a class of
second-order impulsive integro-differential equations of Volterra type in a
real Banach space by using the generalized Banach fixed point theorem. Ex-
istence and Uniqueness Theorems are also illustrated for the systems of
Volterra IDEs of first order in [2], [11-14] and for Volterra IDEs of the first
and second order in [6—7, 20, 22]. Exact solutions to Volterra — Fredholm
integro-differential equations were obtained in [4, 19]. We investigate the
problem

Bu(x)=4u(x) - g(x)®(u) = f(x), D(B) = D(4), (1)
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where an operator B contains a linear differential operator 4, the linear
Volterra integral operator K with kernel of convolution type and the inner
product of vectors g(x)®(u) with linear bounded functionals ®;, i =1, ...,
m. Similar problem for arbitrary Banach spaces X, Y and Fredholm

integro-differential (loaded differential) equation Bu(x)= Au (x)-
—-g(x)®(u)=f(x), D(B) = D(;l), where A is a correct operator and
@, (u) are bounded integral functionals (loaded part of differential equa-
tions), was investigated in [20] and for Bu(x)= f(x), with nonlocal
boundary conditions in [21]. We prove in this paper that the operator
A-K is continuously invertible and, using Oinarov extensions of linear
operators in Banach space [22], we obtain exact real solutions in closed
form of Problem (1). The technique which we present, is simple to use and
can be easily incorporated to any Computer Algebra System (CAS).

Terminology and notation. Let X be a complex Banach space and X
its adjoint space, i.e. the set of all complex-valued linear and bounded
functionals on X. We denote by f(x) the value of f on x. We write D(A4) and
R(A) for the domain and the range of the operator A, respectively. A linear
operator B is said to be an injective operator, if kerB = {0}. An operator 4 is
called invertible if there exists the inverse operator 4. An operator 4 is
called continuously invertible if it is invertible and the inverse operator A4~
is continuous. Remind that if a linear operator is injective, then it is inverti-
ble. A bounded operator B: X — Y is said to be compact if the image {Bu,}
of any bounded sequence {u,} of X contains a Cauchy subsequence. A func-
tion f{x) is said to be of exponential order o.if [f{x)| < Me™, 0 < x < oo, where
M and a are constants. By F(s) = L[f(x)] we denote Laplace transform of
function f{x) and by L '[F(s)] = f(x) the inverse Laplace transform of F{(s).
An equation is called loaded equation if it contains the solution function on
a manifold with dimension less than the dimension of domain of this func-
tion [23]. For example an ordinary loaded differential equation is
represented by

dy/dx:f(x,y)+\|l(y(xj)), X€ [O,l], xje[O,l],

where x; are fixed points. If ®; € X*, i = 1, ..., m, then we denote by ® =
= col(®y, ..., D,) and D(x) = col(D(x), ..., Du(x)). Let g = (g1, ..., gm) be
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a vector of X'. We will denote by ®(g) the m x m matrix whose i,j-th entry
is the value of functional ®; on element g; and by /,, the identity m * m ma-
trix, respectively. Note that ®(gC) = ®(g)C, where C is a m>xm constant ma-
trix. By ¢ and 0 we will denote a vector and zero vector, respectively. We
also denote u = u(x), g = g(x), f = fix), Q = [a, b] % [a, b], Cola, b] =
= {u(x)ECla; b]: u(a) =0}, Cy"[a; b] = {u(x) € C'[a; b]: ¥ Na)=0,j=1, ..., n},

n
k
ey = oo = X[ and
Cy C = C

Au (x)= Zn:a[u("_i) (x),a, #0, D(Zl) =C, [a,b],
i=0

Ku(x)= 3 [K, (x= )" (1)dt, K, (x—1)e C(Q), D(K)=C"[a,5],

J=04q

2@ () (x) = g () (1) =Yg, ()P, (1),

k=1

where ay, o, ..., 0, are constants, g(x), ..., 2»(x) are linearly independent in
Cla,b] functions, g(x) = (g1(x), ..., Zgu(x)), @1, ..., O, the set of bounded line-
arly independent on C" '[a,b] functionals, ®(x) = col(®(x), ..., Pp(x)) and
Ki(0)=0,;7=0,1, ..., n. Denote K;o(z) = Ki(z),j = 0,1, ..., n. Let K; ;+1(z) be
the antiderivative of K;(z), such that K;(0) =0, =0,1, ..., n, i = 0,1, ...,
n—1. The index i in Kj;(z) shows the number of integrations of the function
Kj(z). Also denote by (Kj,)(z) = K (2).

Theorem 1. Let 0g# 0. Then:

(i) Volterra integro-differential equation Au (x) — Ku(x) = 0 or

o™ ()~ 3K, (x-1)u (1) =0 )

J=00,
is reduces to Volterra integral equation

X
~

u(x)—'[K(x—t)u(t)dt:(), 3)

a
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where

Iz(x_t):(XL(ICO,n-i_ICI,n—I+I<2,n—2+l<3,n—3+"'+]Cn,0)(x_t)_

—L{al+a2(x—t)+...+( %, (x—t)"_l},

O,

and has a unique zero solution.

(ii) The operator A-K is closed and continuously invertible.
(iii) If the functions u(x), g(x), f(x) are of exponential order a then the

nonhomogenious equation :4u(x)—Ku(x) = f(x) for each f(x) has a unique
solution

F(s)
os" +os +...+0, —K(s)

u(x):/:{ },xe[aﬁw]. 4)

Where F (s E[f ], K(S)=ﬁ[K(x)]¢OLOS"+OCIS+....+OCn.

Proof. (1), (11). First for j = 0,1, ..., n, i = 0,1, ..., n—1 we prove two
formulas

”K t) dtdy = IK x—0)uV? (1) dt, (5)

j jK], ) dtdy = IK/ o (x=0)u(t)dt, (6)

It is easy to verify that

X

[ (y=)dy =K, i (x=1), j=0,1,...m, i=0,1,...,n=1. ()

t

Further by using Fubbini theorem and integrating by parts we obtain

”K dzdyj {J.K y—t) dy}zt

10
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Now taking into account (7) we get

(156, (y=)a (1) ey = (1)1, (x=1) = [u ™ (1)K, (1)t

So we proved (5). Further by using Fubbini theorem and (7) we have
“ t) dtdy = I o (x=t)u(t)dt.

So we proved (6). Now we will prove that A-K is injective. Re-
write (2) as

ot (x) + o™ (x) + o (x) +.. o u (x) =

=

K, (v—t)u (1) dr + [K, (x =)l (1) de +

Q

+ [k, (x—t)u”(t)dt...+ijn (x—1)u" (¢)dt.

[ S—

Integrating with respect to x both sides of the above equation and
using the initial conditions and (5), (6) obtain

oru” ™ (x)+ ou"? (x)+ o,u"™ (x)+...+a, Iu (t)dt=

= [+ /G0 (x=t)u (1) di+
K, (et (6) i+t K, (x—0)u"™ (1) dr.
The second integration gives

0Lou(n—z) (x)+OCIU(n_3) (x)+OC2Ll(n_4) (x) +,,_+(an.(x—t)u(t)dl‘ =

o

=[Gy +1Gy Ky (r— (1) 4t [K, (x—1)ul™ (1) .

11
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By the third integration we get

o (x) + ou" Y (x) + o,u") (x)+...+%ocnjl(x—t)2 u(t)dt =

=[Gy + Ky 4 Koy Ko ) (=)t (1)t 4+ [K, (x=0) "™ (1) .

By n-th integration obtain

ot () + [ oty + 0ty (x=1) ot 2 (=) (1) =

4 (n—l)!
[+ Ky Koy Ky ) (2 ) (1),

or (2). Since K (z) is a continuous function, the equation (3) has a unique
zero solution and so (2) has also a unique zero solution. Then the operator

A-K is invertible. The closedness of the operator A is proved in [24]. The
operator K is bounded as compact operator. Remind that D(;l) =C; [a,b]

and D(K)=C"[a,b]. So D(;I)CD(K). We will show that 4K is closed.
~ c" ~ C
Let u, € D(A) and u, —>u,, (A—K)unﬁl). Then u,e C"[a,b] and

~ C
Au, —v+ Ku,. The last relation follows from the boundedness of K. From

c ~ C ~ R ~
u, —u,, Au,—>v+Ku, since 4 is closed, follows that uy € D(4) and Au,

= v + Kuy. Then (:4—K )uo =7v. So the operator A-K is closed, which

-1

implies the closedness of (,Aél—K) . Now, since R(;l— K) = (la,b], by
Closed Graph Theorem, the operator (4 — K) ' is bounded and the operator

~ -1
(A -K ) is continuously invertible.

(i11) By using Laplace transform on both sides of ;}u(x) — Ku(x) = f(x)
and then by inverse Laplace transform we obtain (4). The theorem is proved.

12
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The next theorem is useful for solving of linear Volterra — Fredholm or
Volterra loaded integro-differential equations with initial boundary conditions.
Theorem 2. Let the operator B:C} |a,b]— C|la,b] be defined by the

equality

Bu(x) = Au(x) = Ku(x) — g®(u)(x) = fx). (8)
Then:
(i) R(K) € Cyla,b], the operator K is compact and R(A— K) = Cla,b].
(ii) The operator B is invertible if and only if detW # 0, where

Wz[lm—d)((;l—K)_lgﬂ (9)

Proof. ) Let z(x) = Ku(x) = 3. [K, (x—1)u" (1) dr. Then (@) =0
and R(K)cCo[a, b]. Denote by K u(x)= IK S(x=t)u¥) (1) .

a

Then Ku(x)=ZK /u(x). We will show that the operators
j=0

K, :Cila,b]— C[a,b],j=0,1,...,n are compact. Note that for xi, x, €
[a, b] hold

TK_/ (3 —)u” (t)dt_]gKf (v, —1)u (1)t

a

<

[K () = K (x,)| =

X

[[K; (=)= K, (x, 1) |u' (¢)dt

a

u (1) (b—aymax|K, (v, ~1) =K, (x,~1)

<

[K, (x, —t)u () de| <

]

+|x, —x2|mtax‘Kj (x, —t)‘ <
< ()] (b= a) max[K, (5 =1)= K, (x, = )]+ = x| max [K (i, =)

Since Kj(x — ¢) is continuous, it is uniformly continuous and |Kju(x1) —
Kju(x,)| can be made arbitrarily small by taking |x; — x,| small. How small

lx1 — x2| should be depends only on Hu (¢)

o - I other words, the Kju are

equicontinuous for a bounded set of u. Sinse {Ku} is equibounded for

13
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a bounded set {u} for a similar reason, by Ascoli — Arzeia criterion follows
that {Kju;} contains a uniformly convergent subsequence if {u;} is bounded.
Since this means that {Kju;} contains a Cauchy subsequence in C[a, b], then

K;,j=0,1, .., nis compact. From the last follows that K = ZK ; 1s a com-
=0

pact operator as a finite sum of compact operators. Now we find R( 4—K).

Let (21—K)u=y, v€ Cla, b]. This equation is equivalent to
~-1 ~-1 ~—

(/-4 Kyu=A y. The operator 4 'K s compact, because K is compact

~—1

and A is bounded. By second Fredholm Theorem R([ —;I_IK ):
:{ye C[a,b]:\u(;l_ly):o}, where y € ker(I—K*;lfl*). By the first

Fredholm Theorem dim ker(/—K* ;1_1*) = dim ker(/ - j{lflK ). But ker
(I —;lilK ) = ker(4—K) = {0}, since A—K by Theorem 1 is invertible. So
ker(—K* A )={0} and R(I~A K)=C![a,b]. Then R(A—K) = C[a, b].

(ii) Since the operator B is linear, it is sufficiently to prove that B is
injective.
Let Bu =0 and detW # 0. Then

Bu = Au— Ku — g®(u) = 0. (10)

Taking into account that the operator A~ K is invertible and R( A- K)=

= (Cla, b] we can use the inverse operator (;l — K) ' on both sides of Equa-
tion (10) and get

u=(4-K) 'gdu). (11)
Applying the vector ® on (11) and using the linearity of @, ..., ®,,, we
arrive at the equations

WO (u)=0. (12)

14
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From the last equation, since det # 0, follows that ®(«) = 0. Substi-
tuting ®(«) = 0 into (11) we obtain u = 0. So kerB = {0} and the operator B
is invertible.

Conversely. Let det W =0. Then there exists a nonzero vector ¢ =

= col(cy, ..., c) such that Wc = 0. Consider the element uy = (;1 - K) 'ge.
Observe that uy # 0 since gy, ..., g, is a linearly independent set in C[a, b].

Then Bug= (4 ~K)uo-g®(uo) = ge—g®(( A —K) 'g)e = glL,—®((A— K) 'g)le =
=ge=0.

Consequently, up € ker B and B is not injective. Hence the operator B
is invertible if and only if det W # 0. The theorem is proved. O

Corollary. The equation Bu = f for each f € C[a, b] has a unique solu-
tion

u=(a-&) r+(a-&)gm o[ (i-&) 1| (13)

if and only if detW # 0. The operator B is continuously invertible on Cla, b]
and

-1

B1f=(;1—K)_1f+(;l—K)_1gWld)l((;l—K) fj. (14)

Proof. Acting by the inverse operator (Zl — K)"" on both sides of Equa-
tion (8) we get

u=(A4=K)"f+ (4~ K) 'gb(w) (15)
Applying the vector @ on (15) and using the linearity of @, ..., ®,,, we
arrive at the equations

@ (u) =c1>((21—1<)_1 fj+®((21—K)_l g)CD(u),
{Im —(D((;I—K)_l gﬂd)(u) =c1>((21—1<)_l fj,

d)(u)zW“(I)((;l—K)_l f). (16)

Substituting (16) into (15) we obtain the exact solution (13) of (8).
The boundedness of the operator (Zl — K) ' on C[a, b] and the boundedness

15
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of the functionals @, ..., ®,, on C" '[a, b] imply the boundedness of the op-
erator B~ on Cla, b].

In the next examples we assume that a function u(x) is of exponential
order a, 0 <x < 0.

Example 1. The next linear Volterra — Fredholm integro-differential
equation

i

x)+2jsin2(x—t)u(t)dt—cos(x/ix)ju(t)dt = sin(x/zx), (17)

0
u(0)=0,u"(0)=0,u(x)e C, [0,7],
has the unique exact solution

(7 12x )sm([x)__fxcos(«fx)

IOxsin(x/Ex)—%/Ex cos(x/zx)
+7x/§7ccos(x/§ﬂ:)+(27t2—7)sin(\/§n)+16\/§X (18)

x{[ﬁnz —Q]cos(ﬁn)—%sin(ﬁn)+£ .
2 16 2

u(x)=

16
Proof. If we compare the equation (17) with (8) it is natural to take
n=2m=1, 4 u(x)=u" (x), D(;l)z{u(x)e C*[0,n]:u(0)=0, u’ (0)=0},
Ku(x)=—2J.sin2(x—t)u (¢)dt, @(u)ZJM (t)dt, Bu= Au—Ku —-g®(u),
0

0

Ku — g®(u), D(B) = D( 4 ), g(x )= cos (\/Ex), flx) = sin (\/Ex) Note that

‘ < _Hu dt <tmax |u
te[0,n]

)‘ =Tu,. This means that ® €C[0, n]*. Then

® € C'[0, 1]*. We can use Theorem 2. Let £, £ be the operators of the
direct and inverse Laplace transforms, respectively. Denote by £ [u(x)] =

= U(s) and L [y(x)] = Y(s). The functions sin(ﬁx), cos(\/zx), sin2x are

continuous on each closed interval [0, b], b < oo and of exponential order 0.
So we can use Laplace transform. Note that every solution of (17) on [0, )
is also the solution of (17) on [0, ©]. From

16
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(A—K)u(x) :u”(x)+2jsin2(x—t)u(t)dt =y(x), u(0)=0, u’(0)=0,
0
by using the Laplace transform and convolution operator we get

4

S2+4U(S):Y(s) or U(S):[S212+(S2i2)2 Y(S)Ja

s°U (s)+

or

R O
2B (o))

Now by using the inverse Laplace transform we obtain

u(x)= {%sin(ﬁx)—%xcos(ﬁx)jy(x)

U(s)=

y(x):jﬂ%sin(ﬁ(x—t))—%(x—t)cos(\/i(x—t))}y(t)dt.

Then for g (x)=cos(v2x) and f (x)=sin(v2x) we get
(i-k) -

ﬂ_sm( . t))_§<x_t)cos(ﬁ(x_t))}os(m)dt:

2 2
=22 sin(V2x) <" cos (V2x),

Z[{—sm( — ))—%(x—t)cos(ﬁ(x—t))}sin(ﬁz)dt:
= %[(7 -2x )sin (\/Ex) ~7\2x cos(\/zx)}

17
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Further we compute

q)((;l—K)_l gj =%[\/5(7—21:2)sin(ﬁn)—Mncos( 2n)},

of(3-K) sz(ﬁnz _ﬁ]cos(ﬁn)_f_gsin(ﬁn)+§,

16 2

-of(-" gﬂ :mncos(ﬁn)+(21:f7)sm(ﬁn)+16ﬁ'

Substituting these values into (13) we obtain (18). A
Example 2. The next linear Volterra loaded integro-differential equa-

tion
i () +3[ cos(x—1) (1) di—u(m)sinx = (2n-8)sinv,  (19)

0
u(0) =0, u/(0) =0, u(x) € G;[0, 7],

has the unique exact solution
u(x) = sin2x — 2x. (20)
Proof. If we compare the equation (19) with (8) it is natural to take n =
=2,m=1, Au(x)= u"(x), D(4) = {u(x) € CY[0, n]: u(0) = 0, u’(0) =0},
Ku(x) = —3Icos(x—t)u'(t)dt , O(u) = u(n), Bu = Au—Ku— g®(u), D(B) =

0

= D(;l ), g(x) = sin x, fix) = (2n — 8)sin x. Note that |®(u)| = |u(x)| < ||ul|c.
This means that ® € C[0, n]*. We can use Theorem 2. Let £, £ be the op-

erators of the direct and inverse Laplace transforms, respectively. Denote by
L [u(x)] = U(s) and L [y(x)] = Y (s). The functions sin x, cos x are continu-
ous on each closed interval [0, ], b < oo and of exponential order 0. So we
can use Laplace transform. Note that every solution of (19) on [0, =) is also
the solution of (19) on [0, «]. From

X
~

(4= K Ju(x)=u"(x)+3[ cos (x—1)u (t)dt = y(x), u(0)=0, u’(0)=0,

0

18
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by using the Laplace transform and convolution operator we get

35 s?+1
U(s)+ U(s)=Y U(s)=———=7Y(s),
SUs)+ U= s) or Uls) = ()
or
3 1 11
U = = — Y (s).
(5) [4S2+4+4s4j (s)
Now by using the inverse Laplace transform we obtain
u(x):[%sin2x+ixjy(x)
or
(;I—K)_l y(x) =HgsinZ(x—t)+l(x—t)}y(t)dt.
oL8 4
Then for g(x) = sinx and f{(x) = (2 — 8)sinx we get
(21—1{)_1g:ﬂ%sin2(x—t)+i(x—t)}sintdt:%—Slrgzx
and

(;I—K)_lf:I[%sirﬁ(x—t)+%(x—t)}(2n—8)sintdt:

:(2n_8)(£_sin2x)

4 8

Further we compute

of (4-&) "¢ |=((A-k) ¢ )(m)=ns4
CD((A—K)_I f):[(;l—K)_l f)(n):(21t—8)1t/4,

{]n —d)((;l—K)_l gj:|_l :ﬁ.

Substituting these values into (13) we obtain (20).

19
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