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A direct method for the exact solution of loaded differential or Fredholm Integro-Differential
Equations (IDEs) with nonlocal integral boundary conditions is proposed. We consider the abstract op-
erator equations of the form Bu = Au — gW¥W(u) = f with abstract nonlocal boundary conditions. In this
paper we investigate the correctness of the equation Bu = f and its exact solution in closed form.
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Introduction

In recent years the theory of loaded functional, differential and integro-
differential equations (IDES) has been advanced. These equations describe
problems in optimal control, regulation of the layer of soil water and ground
moisture, underground fluid and gas dynamics, mathematical biology, econom-
ics, ecology, and pure mathematics [1-7]. An equation is called loaded equa-
tion if it contains the solution function on a manifold with dimension less than
the dimension of domain of this function [2]. For example, an ordinary loaded
differential equation is represented by

dy/dx = f(x, y) + w(y(x)), x € [0, 1], x; € [0, 1],

where x; are fixed points. Boundary value problems (BVPs) for differential and
IDEs with nonlocal boundary conditions arise in various fields of mechanics,
physics, biology, biotechnology, chemical engineering, medical science, fi-
nance and others (see [8-15]). Fredholm IDEs with nonlocal integral bounda-
ry conditions and ordinary differential operators, probably, first were consid-
ered by J.D. Tamarkin [16]. Nonlocal BVPs for the ordinary differential equa-
tions with integral boundary conditions were studied in [17-19]. Nonlocal
BVPs for the partial differential equations were investigated in [8, 20-25].
Loaded nonlocal BVPs for ordinary differential equations were considered
in [7, 26]. This work is a generalization of the papers [27-32], where integral
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boundary conditions have not been considered. The problems of the type
Au—-g¥(u)=f, ®(u)=NF(Au) arise naturally from A.A. Dezin,

R.O. Oinarov extensions of linear operators [33, 34], which are not restrictions
of a maximal operator, unlike the classical M.G. Krein, J.Von. Neuman exten-
sions [35, 36] in Hilbert space and M. Otelbaev [37] in Banach space. We in-
vestigate the abstract operator equations of the form Bu = Au — g¥(u) =f with
abstract nonlocal boundary conditions D(B) = {u € D(A) : ®(u) = NF(Au)},

where B : X — ¥, X, Y are Banach spaces, g € Y" is a vector, F eY"

¥e X! are vector functionals, N is a matrix, A is a differential operator

with finite-dimensional kernel and g¥(u) is a loaded part of Bu = f or a
Fredholm integro-differential operator defined on the space with graph

norm X, =(D(A),||-||XA). If g = 0, we have a differential equation with

nonlocal integral boundary conditions. The technique presented here al-
lows us to find exact solutions in closed form for loaded Differential or
Fredholm Integro-Differential Equations with separable kernels and inte-
gral boundary conditions. This technique is simple to use and can be easily
incorporated to any Computer Algebra System (CAS). The essential ingre-
dient in our approach is the extension of the main idea in [34]. The paper
is organized as follows. In Section 1 we recall some basic terminology and
notation about operators. In Section 2 we prove the main general results.
Finally, in Section 3 we discuss some examples of loaded differential and
IDEs which show the usefulness of our technique.

1. Terminology and notation

Let X be a complex Banach space and X* its adjoint space, i.e. the set
of all complex-valued linear and bounded functionals on X. We denote by f (x)
the value of f on x. We write D(A) and R(A) for the domain and the range of
the operator A, respectively. An operator A; is said to be an extension of an
operator A, or A; is said to be a restriction of Ay, in symbol A; c Ay,
if D(A2) 2 D(A1) and Aix = Ayx, for all x € D(A;). An operator A: X — Y is
called closed if for every sequence x, in D(A) converging to Xo with Ax, — fo,
it follows that xo € D(A) and Axy = fo. A closed operator Ap : X — Y is called

minimal if R(Ao) # Y and the inverse A" exists on R(Ag) and is continuous.
A closed operator A is called maximal if R(A) =Y and ker 4 #{0}. An oper-
ator A is called correct if R(A) =Y and the inverse A exists and is con-
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tinuous. The problem Ax = f is said to be correct when the operator A is

correct. If ¥; € X+, i =1, ..., m, then we denote by ¥ = col(¥, ..., ¥n) and
P(x) = col(P1(x), ..., Pm(x)). Let g = (q, ..., Gm) be a vector of X". We will
denote by W(q) the m xm matrix whose i, j-th entry is the value of functional
‘i on element g; and by I, and Oy, the identity m xm and the zero m>xm ma-

trices, respectively. By 0 we will denote the zero column vector.
2. Loaded differential and Fredholm IDE
with nonlocal integral boundary conditions

Lemma 2.1. Let the operator A: C/0, 1] — C[0, 1] be defined by
Au(t) =u'(t), D(A) = C[0, 1, [lu(t) I=max | u(t)| . Then:

(i) The operator A is closed and A%: C/0, 1] — CJ0, 1] is determined
by A%u(t) = u"(t), D(A%) = C?[0, 1] and closed too.
(i) For all u(t) C?[0, 1] the next inequality holds

Ju'@®< Ju" @ +2]u]|- (1)
Proof. (i)- (ii) Let x5, X2 € [0, 1]. Then from the equality

u' Iu" dx we obtain

u'(x,) <llu™ (x)ll+u(1)—u(0),

max [u'(x,)| <u™(x)+2[lu(x)]l.

X E[O l]

From the last relation follows (1). Now we will prove the closedness
of A% Let up(t) € D(A?), un(t) — u(t), n — o and A%uy(t) = uy"(t) — »(0),
n — oo, Put yn(t) = uy"(t). Then

Iyn x)dx = ju”(x)dx uy (t)—u’(0) ®)

From (1) we get

uy () —uy, (t)]|<luy (t)—up (t)]+2lu, (t)—u,, ()]
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From this inequality, because of u,(t) and u,"(t) are fundamental se-
quences in CJ[0, 1], it follows that u,'(t) is also a fundamental sequence in
Banach space C[0, 1]. Then there exists a function v(t) € C[0, 1] such that
Un'(t) — v(t), n — oo. The last implies u,'(0) — v(0), n — o0. For n —
from (2) we get

t
Iy(t)dx =v(t)-v(0).
0

It is evident that v(t) € C'[0, 1] and V'(t) = y(t). From un(t) —u(t),
uy'(t) — w(t), n — oo, since the operator A is closed, we get u(t) € C'[0, 1]
and u'(t) = v(t). But v(t) € C'[0, 1] and V'(t) = y(t). Hence u(t) € C? [0, 1],
u"(t) = y(t) and A% is a closed operator.

cC D

A B A+EC B+ED
det = det . (3)
C D C D

A B
Lemma 2.2. Let A, B, C, D, E be nxn matrices and G =( j

Then

I E
Proof. Let F :[ " j In this case |F| = |F'| = 1. So |F G| =|F| |G| =
=|G|and |F"'G| = |F'| |G| = |G|. From the last relations we get (3).

The next theorem easy follows from Theorem 3 [32].

Theorem 2.3. Let u(t) € W'y(a, b), hj (t) € Lo(a, b), j =0, 1, ..., 1,
(ai, b)) €(a, b),i =1, ..., nand the functional

b

()= LZI_(;U(” (t)m} dt. 4)

Then ¥(u) is linear and bounded on W's(a, b) and hence ¥; €/C'[a, b]]’,
i=1,..,n.

We generalize Theorem 1 [32] without using the linear independence
of components of the vector ‘Y.

Theorem 2.4. Let X, Y and Z be complex Banach spaces and A:X>Y
a linear correct operator with D (A) cZ <X. Further let the components of

the vector g = (91, . . ., Qn), be linearly independent in Y and the vector
¥ =col(yy, ..., wn) €[Z4]". Then:
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(1) The operator B defined by
Bu= Au - g¥(u)=f, D(B)=D(A), feY. (5)
is injective if and only if
detW = det[l, — ¥ (A )] # 0, (6)
(i) If B is injective, then for any f €Y the unique solution of (5) is given by
u=B'f= A f+ (A g)[l, — (A g)] "W (A . )

Proof. (i). Let det W #0. Since f, g; € R(A), i =1, .., m, byusing (5)
we have

u—AlgPu) =4, (8)
W(u) - (A g)(u) = YA,
[In — YA g)]¥(u) = P@A ), ©)
Y(u) = [l, — Y(A'g) '@ ) for all f € R(A). (10)

Since W(u) is defined uniquely by (9) for all f € R(4A) =Y, then by
substituting (10) into (8), we obtain the unique solution (7) of the problem
(5) for all f € Y. So B is an injective operator and R(A) = Y. Conversely.
Let detW = 0. Then there exists a vector ¢= col(Cy, ..., ¢,) # 0 such that Wé = 0.
For up = A g #0 follows that

Bup =Auo —g¥(Uo) = g¢ — g¥(A 'g) ¢ =
=g[ln— (A "g)] ¢ = gWé = g0 =0.

Hence uo = A 'g¢ € ker B # {0}. Note that uo +0, because of 01, - On
are linearly independent and the operator A is correct. So B is not injective.
So the statement (i) holds.

(i1). We have proved in (i) that in the case det W # 0 Equations (8)—(10)
hold. Substituting (10) into (8), we obtain the unique solution (7) of
the problem (5) for all f € Y. This means that R(B) = Y. The boundedness
of B on Y follows from the boundedness of the operator A™* and ¥4, ..., ¥n.
Hence B is correct.

Remark 2.5. The linear independence of gy, ..., g, has been used only
to prove the necessary condition for injectivity of the operator B.

Now we generalize this theorem on the case of perturbed boundary
conditions.
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Let X, Y be Banach spaces, A : X % Y be a linear closed operator.
We remind that for A, the graph norm associated with A, is defined by:
[IX[Ixa = [Ix[Ix + [IAX]ly ¥x € D(A) (11)
and that the set
Xa =(D(A), ] - [1xa) (12)

is a Banach space. Note that usually in the previous theorem Z = Xa.

Theorem 2.6. Let X, Y be complex Banach spaces, A : X — Y a max-
imal linear operator with finite dimensional kernel z = (zy, ..., Zm) Which is a
basis of ker A and A4 a correct restriction of A defined by

Ac A D@)={ueD(A) : du) =0}. (13)

Suppose also that the components of the vector functionals ® =
= col(®y, ..., Pn), ¥ = col(Vy, ..., Pn), F = col(Fy, ..., Fn), belong to X+,
X*a, Y*, respectively, where @, ..., @y, biorthogonal to zy, ..., zn and that the
vector g = (01, ..., 9m) €Y™ and N is an m x m matrix, 01, ..., m linearly in-
dependent. Then:

(i) The operator B defined by

Bu=Au — gPu) =f, f €Y,
D(B) ={u € D(4) : ®(u) = NF(Au)}, (14)

is injective if and only if
det L, = det[l, — P(A 'g) — ¥(z)NF(g)] # 0. (15)

(i) If B is injective, then B is correct and for all f € Y the unique solu-
tion of (14) is given by

u=B Y =AY+ pPA'f) +[z + pP(@)]NF(f), where (16)
p=[A g + INF(g)]L . (17)

Proof. (i). Since z € [ker A]", ®(z) = |, the problem (14) is written as

Bu=A(u-zNF(Au)) —g¥(u) =f,feY,
D(B) ={u € D(A) : ®(u—zNF(Au)) = 0}, (18)

Then u — zNF(Au) € D(A) for every u € D(B) and
Bu=A4 (u—zNF(Au)) — g¥(u) =f, (19)
u—zNF(Au) — A () = A*f, (20)

55



I.N. Parasidis, E. Providas, V. Dafopoulos

P(u) — P(z)NF(AU) — P(A 1g)P(u) = WA ),
[1m— P(A 'g)]¥(u) — ¥(2)NF(Au) = W(A '), (21)
—F(9)¥(u) + F(Au) = F(f). (22)

From (21), (22) we obtain

[|mlp(A1) LP(z)NJ( ¥(u) H‘P(Alf)} @)

—F(g) 1L J\F(Au) F(f)

Denoting the matrix from the left by L and using the formula (3),
where we take E = ¥(z)N, we obtain

det L:detLIm —‘P(A‘lg) —¥(2) NJ:

—F(9) I,
—+det| 1, - ¥(Ag)-¥(2)NF (g) |- det L,

Let det L, # 0 and u € ker B. Then
Bu=Au-g¥(u) =0, ®(u) = NF(Au), det L # 0. (24)

Now using Equations (19)—(23), where f = 0 we get

I —‘I’(A‘lg) ~¥(z)N ( P (u) J_(@J (25)

~F(9) L, JUF(Au)) Lo)
From the above equation, since det L = + det L, # 0 follows that W(u) = 0,
F(Au) = 0. Substituting these values into (24), we obtain ®(u) = 0 and
Bu = Au = 0. From Au = 0, since 4 is correct follows that u = 0. This proves

that ker B = {0}. So B is injective.
Conversely. Let det L, = 0. Then there exists a vector ¢ = col(cy,..., Cn) #

+ 0 such that L,¢ = 0. Observe that he element up= A g + zNF(g) & # 0, oth-
erwise the components of g will be linearly dependent, which contradicts the
hypothesis that g, ..., gm are linearly independent. Note that u, € D(B), since
®(ug) = NF(g) ¢, F(Auo) = F(g) ¢ and so ®(up)—NF(Auo) = NF(g) ¢—NF(g) c=
= 0. We will show now that ug € ker B.
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Bug =AUo — 9'¥(Uo) = 9¢ — g¥( A g + ZNF(g) ¢) =
=gé-g¥(Ad 'g) ¢ - gP(NF(g) ¢ =
= g[ln — ¥(A 'g) - Y(2)NF(g)] & = gLo¢ = g0.

Such ug € ker B. Hence up € D(B) and up € ker B. So ker B # {0} and

B is not injective. The statement (i) holds.
(if) Let det L, #0. Then det L # 0 and from (23) we obtain

(‘I‘(U)J: L -(AY) —w(2)N) [e(A)
F(Au)) | -F(g) 1, F(f) )
We put

. _[Im ~w(A'g) —lP(z)Nj1 :[Kn Klzj.

-F (g) I K,, K,
Then
[In— (A7 g)IKu — ¥(2)NKa1 = In,
[In—¥(47"g)]K12 — ¥(2)NKz2 = Op,
—F(9)K11 + Ko = O,
~F(9)K12 + Kg2 = .
From (30) we obtain K,; = F(g)Ky; and from (27), (29), we get
[lm — (A7 9)IK11 — Y(@2)NF(9)Ki1 = I,
[In — P(A7'9) - Y(@NF(9)]K11 = Im,
Kii= L' Ku=F(9) L,
From (28), since Ky, = I, + F(g)K12, we have
[In— Y(A79)]K12 — Y(2)N[In + F(9)K12] = On,
[In—¥(A™'g) - Y(NF(9)]Ki2 = ¥(2)N,
Ko = L' W(@)N.

(26)

(27)
(28)
(29)
(30)

The last equation and Ky = In + F(g)Kiz implies Ky = I +

+ F(9) L,' ¥(2)N. So
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L (G L% (z)N
- _(F(g)Lzl Im+F(g)L21‘P(z)N]'

Now we rewrite (26) in the form

SR R |

Then

m —
—~ >
L

Pu) = LY (A + L'YE@NF®),
F(Au) =F(g) L' W (A™) + [In + F(g) L Y@NIF®).
Substituting these values into (20) we get the solution of the problem (14):

u=A"+N{F(g) L,' W(A ) + [In + F(g) L' Y(N]F(D}
—A71g [LMP(AH) + L P(2NF(R)],

From the last equation for every f €Y follows the unique solution (16)
of (14). Because f in (16) is arbitrary, we obtain R(B) = Y. Since the operator
A~ and the functionals Fi, ..., Fp, ¥, ... ,\¥n are bounded, from (16) follows
the boundedness of B™'. Hence, the operator B is correct if and only if (15)
holds and the unique solution of (14) is given by (16). The theorem is proved.

From the previous theorem for g = 0 follows the next corollary which is
useful for solving differential equations with integral boundary conditions.

Corollary 2.7. Let X, Y be complex Banach spaces, the operators A,
A, the vector z = (z1, ..., Zm) and vector functionals @ = col(®, ..., Pn),
¥ = col(¥s, ..., ¥m) and the matrix N are defined as in Theorem 2.6. Then:

(i) The operator B defined by

Bu=Au=f,feY,DB)={u D) : d(u) = NF(Au)}. (32)
is correct and for all f € Y the unique solution of ( 32) is given by
u=B"=A"1f+ zNF(. (33)

Remark 2.8. In applications we encounter operators B; - X — Y of the
form
Au—g1¥1(u) — ... — g k() = f, k£ <m,
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(I)l(U) = V11F1(AU) +...+ vlmFm(AU)

Ddp(u) = vmlFl(Au)+ + VmmFm(Au) (34)

where X, Y are Banach spaces, @;, Fi, ¥, i =1, ..., m, j =1, .., k are
functionals. Then we are interested in knowing whether the operator B; is
B type operator defined by

Bu=Au-g¥u) =f, f €Y,
D(B) = {u € D(A) : ®(u) = NF(Au)}, (35)

and, therefore, Theorem 2.6 applies. For this purpose, we proceed as follows:

1.1. We check that m = k and show that the operator A is maximal,
namely A is closed with dim ker A=mand R(A) =,

1.2. We find the basis zj, ..., zn of ker A and the Banach space
Xa = (D(A), || - lIxa), where [[u][xa = [[u]lx + [[Au]]v,

1.3. We show that the operator A defined by

Au = Au, D(4) = {u € D(A) : d(u) = 0},

is correct and find the inverse operator A=,

1.4. We find the vector g, the element f, the mxm matrix N, the func-
tional vectors ®(u) = col(d1(u), ..., Pr(u)),

Y(u) = col(P1(u), ..., ¥m(u)), F(Au) = col(F1(Au), ..., Fn(Au)) and

F(f) = col(Fy(f), ..., Fm(f)),

1.5. We check the condition ®(z) = Iy,

1.6. We check the conditions Fi € Y*, ®;and ¥ € X*a, i =1, ..., m.

If all these conditions hold true then we apply Theorem 2.6. If one of
these steps fails, then B; is not identified as B-type operator and, therefore,
the theory can not be applied.

To prove that B is an injective and correct operator, we proceed as
follows:

2.1. We calculate the vector A‘lg = (A_l g1, -y A‘lgm),
2.2. We calculate the m xm matrices

‘Pl(A‘lgl) ‘Pl(A‘lgm)
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¥.(z) Y. (z,)
222, ¥(2) e
Yo(z) ... ¥.(z,)
F(g) - F(9n)
223. F(9)=| ... .. .. |
Fo(9) - Fa(9n)

2.2.4. L=y, — Y(A 'g) — Y(2)NF(Q).
If the determinant det L, # 0, then B is an injective and correct operator.
To find the solution of (34), we proceed as follows:

3.1. We calculate the inverse matrix L;l and the element A’lf,

3.2. We calculate the vectors W(A~f) = col(W1(A~ ), ..., Pm(A~1)),

F(f) = col(Fi(), ..., Fm(f)),

p=[A"g + ZNF(9)] ;"

3.3. We find the solution of (34) by

=B = A1 + pP(A~ ) +[z + pP(2)INF().

4. If k < m, then we take as vector g the vector § = (§,, ..., §,,), where
g =0,1=1, ..,k § =0,i=k+1, .., m. As functional vector ¥(u) we can
take W (u) = (¥ (u),.., ¥_(u)) with linearly independent elements, where
. (U)=wi(u),i=1,..kand ¥, (u),i=k+1, .., mare arbitrary functionals.

3. Examples

Example 3.1. The next problem with loaded differential equation and
nonlocal integral boundary conditions on C[0, 1]

u"(t) — 4tu(1/2) - (2t + D) u(l) =1 - 5t, (36)
Ix x)dx, u'( :—%J'(3x+2)u”(x)dx, (37)

is correct and the unique solution of (36), (37) is given by
u) =t — s+ 1. (38)

Proof. First we rewrite the boundary conditions (37) in the form
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1
2,.m
u(0)) (3/2 0 Jru (x)ox .
(u%oﬂ‘( A ' )
'[(3x+ 2)u"(x)dx
0
If we compare (36), (39) with (14), it is natural to take X =Y = C[0, 1],
Au(t) = Au (t) = u"(t), D(A) = C?[0, 1], The operator A, by Lemma 3.1,
is closed. Furthermore A is a maximal operator, Xa = (C?[0, 1], ||||xa), Where
[[u®]lxa = [Ju@®)||+]|u™@®)|]. The set z = (1, t) constitute a basis of ker A. As
the operator A it is natural to take Au (t) = Au(t) = u"(t), D(A) = {u(t) €
€ D(A) : u(0) = u'(0) = 0}. The initial problem Au (t) = f(t) is correct and
has the unique solution A7'f(t) = ['o( — x)f(x)dx. By comparing (36), (39)
with (14), it is natural to take g; = 4t, g2 =2t + 1, g = (91, 92) = (4t, 2t + 1),
3/2 0
0 —1/7]’

oL {510} {2

®1(u) = u(0), P2(u) = u'(0), ¥1(u) = u(1/2), ¥2(u) = u(1),

Fl(Au):_l‘xzu”(x)dx, FZ(Au):j.(Sx+2)u”(x)dx. Then F(f)=

0

f=1- 5t N=(

1
:_[xzf(x)dx, F(f)=
0
is biorthogonal to (@1, ®@,). and that |Fi(f)| < ||/]|, |F2(f)| < 5||f|| for all
f € C[0, 1]. So Fi, F, € C#[0, 1] = X~ Because of |¥(U)| = |u(ty)| <
< Nu@®I < [lu® + [u"®1 = [Ju@®)||xa, we conclude that W, ¥, € [Xa]*.
In the same way is proved that ®; € [Xa]*. Now by using Inequality (1),
for all u € C[0, 1] we obtain |@(u)| = |u'(0)| < [[U'D)] < u"®)l +2[u()]| <
<2(Jlu*®1l +u®I) = 2fju(®)llxa.
This proves that @, € [Xa]*. The conditions 1.1-1.6 of Remark 2.8
hold true and so we can apply Theorem 2.6. Now we calculate A’lg1 (t)=

O ey

(3x+2) f (x)dx. Itis evident that the vector z = (1, 1)

t t
= [(t=x)4xdx =2t°/3, Ag, (t) = [ (t-x)(2x+1)dx=1/6t* (2t +3),
0

0
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Al
\P(A‘lg)= :I(A gl) ::
2

(A%a,) g
(o 21) (112 2
F(g){ﬁ(gl) Fl(gZ)]:

F (%) F(9.)
-1/84 -37/42

= . Since det L, # 0, by Theorem 2.6, the problem (36),
-43/42 -1/84

o sy ¥Ry (NE()

4  -296
(37) is correct. The inverse matrix L' = i(

. For f(t) = 1-5t
303\ -344 4
we compute

t

A7 f(t) = (t—x)(1-5x)dx =1/6t* (3-5t),

0

Fl(f):sz (1-5x)dx=-11/12, F,(f)=

1

[(3x+2)(1-5x)dx=-13/2,

0
F(f) = col(—11/12, —13/2), ¥(A~1f) = col(P1(A~ 1), Wo(A~1))= (1/48, -1/3).

From (17) we get p =[A~'g + zNF(g)] L,' = —1/303(4(28t> + 43t° —
— 91t + 106), 196t> — 2t* — 334t + 439).

From (16), by Theorem 2.6, we obtain the unique solution

U(t)==t? (3-5t) —i(4(28t3 +43t* - 91t +106 ), 196t° — 2t* - 334t + 439) x
6 303

x[ll 48j+[(1,t)—i(4(28t3 +43t* ~91t +106),196t° — 2t” 334t + 439 x
-1/3 303

1 1/2 3/2 0 -11/12
X . which yields (38).
1 1 0 -1/7)\ -13/2
Example 3.2. The next problem with differential equation and non-
local integral boundary conditions on CJ[0, 1]

u"(t) = —n’cos(nt), (40)

u(0) :gszu"(x)dx, u’(0) :%I(2x+3)u”(x)dx,

0 0
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is correct and the unique solution of (40) is given by
u(t) = cos(nt) + 3t + 2. (41)

Proof. First we rewrite the boundary conditions (40) in the form

1
x“u”(x)dx
u(0) (32 0 g',‘ () 42)
u'(0)) L0 3/4)1 '
I(2x+3)u"(x)dx
0
If we compare (40), (42) with (32), it is natural to take the spaces X, Y,
Xa, the operators A, A, A, the vectors z, @1, ®,, Fy as in Example 3.1,
3/2 0 t
0 3/4], Fz(Au):I(2x+3)u"(x)dx. Then

0

f =—n”cos(nt),N :(

1

Fz(f):j(2x+3) f (x)dx. Note that for all f(f) € C[0, 1] it follows that
0
|F2(f)] < 5]|f(t)]] and so F, € C*[0, 1]. For f(t) = —n’cos(nt) we compute
t 1
A (1) :—nzj(t—x)cos(nx)dx =cos(nt)-1F( f ):—nzsz cos(nx)dx =2,
0

0

1
F,= —nzj(2x+3) cos(nx)dx =4. By Corollary 2.7, the problem (40) is cor-
0

rect. Next as in Example 3.1 is proved that F, € X*. From (33), by Corol-
lary 2.7, we obtain the unique solution

u(t):cos(nt)—1+(1,t)(3(/)2 374](2)

which yields (41).
Example 3.3. The next problem with loaded integro-differential equa-
tion and nonlocal integral boundary conditions on C[0, 1]

u"(t)—4n’ cos(nt)u(1)+gsin(nt)j:u(x)dx =6n° cos(nt)+(3n’ ~1)sin (nt),
2

u(0)=— 2

T s

cos(nx)u”(x)dx, u'(0)= —El'sin (nx)u”(x)dx, (43)

O ey
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is correct and the unique solution of (43) is given by
u(t) = 2 cos(mt) — 3 sin(nt). (44)
Proof. First we rewrite the boundary conditions (43) in the form

icos(nx)u”(x)dx

(3((?)] :[_Zénz —g/nj 1 - (45)

E[sin(nx)u”(x)dx

If we compare (43), (4.5) with (14), it is natural to take the spaces X,
Y, Xa, the operators A, A, A, the vectors z, ®;, ®, as in Ex. 3.1,
g1 = 4n’cos(nt), g2 = —(/6) sin(nt), f = 6n°cos(nt) + (3n° — 1) sin(xt),

Fl(Au)], \ :(—2/71.-2 0 j

F(AU):[FZ(AU) 0 -2

Fl(Au)zl'cos(nx)u”(x)dx, FZ(Au)zisin(nx)u”(x)dx. Then
F( f):jcos(nx) f(x)dx, F,(f ):.lfsin(nx) f (x)dx. Further, we take

¥, (u)=u(1), lPz(u):j'u(x)dx. It is evident that |Fi(f)| < ||/(t)|] for all

f(t)eC[0,1], i = 1, 2. Such F; € C+[0, 1], i = 1,2. We proved in Ex. 3.1 that
the functional defined by W(u) = u(1) belongs to X,. So ¥; € X,. From
Theorem 2.3 it follows that ¥, € C*[0, 1]. Then for all u(t) € Xa we get

|¥2(u)| <kl [ut) | < k(TuOIl + [lu"@©))) = Kllu®)llxa- So ¥z € X,

t

Further we calculate A’lgl(t)=4nzj(t—x)cos(nx)dx=4—4cos(nt),

0

Atg,(t)= —gi(t —x)sin (t)dx = Sin6(;t) —é, v, (Atg,)=(A%,)(1)=8,

‘Ifl(A‘lgz) = (A‘lgz)(l) ——1/6, ¥, (A‘lgl) = jA‘lgl(x)dx —4,
0

¥, (A‘lgz) = jA‘lgz (x)dx =-1/12. So

0
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(Ag,) (8 16

. Also we compute
4 -1/12

N ¥(A%g)-¥(z)NF (g)= N °
2y J 9= o (3n*-1)/(3n°) |
Since det L, # 0, by Theorem 2.6, the problem (43) is correct. For f(t) =

2 —
= 6n°cos(nt) + (3n°—1) sin(nt) we compute F(f)=3r"F,(f)= 3n2 1,

2 2
£ (t) =—6c0s(nt) + 2o sin(nt) + >~ Tt +6.
T T
A\ Ay Aae) 3’ +12n—-1 3n* +127° —131% + 4
WA ) =col(w, (AT ), W, (A f)_col( —, 5 .

-1/3 0 _ | 4cos(nt) msin(nt)
0 3n*/(3n°-1)) P= 3 "2(3n’-1))

Sustituting these values into (16), we obtain the unique solution (44).

Next we find L' :[
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