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O CTATbE AHHOTALUWA

Monyyena: 10 mapta 2023 3apaya pelleHns cucTeMbl NIMHENHbIX 0ObIKHOBEHHbIX AnddepeHumanbHbIX ypaBHe-
OpobpeHa: 05 nioHst 2023 HWIA C NOCTOSIHHBIMU KO3 DULMEHTAMWN SBNSIETCS OQHON U3 BaxHeMWwux npobnem kak
MpuHaTa k nybnukauum: Teopun OOBbIKHOBEHHbIX AnddepeHUnanbHbiX YpaBHEHUA, Tak U NMMHENHOW anrebpbl.
22 nioHa 2023 MoaTomy, C ofHOW CTOPOHbI, ANSA TakUX CUCTEM paspabaTbiBaloTCcs HOBble MeToAbl U

anropuTMbl, @ C APYroii CTOPOHbI, CYLLECTBYIOLLME METOAbI MU anropuTMbl PELLIEHNSI Tak1X
cucTeM coBepLieHCTBYTCSA. OfHUM 13 Hanbornee U3BECTHLIX METOA0B PELLEeHNs CUCTe-
Mbl JIMHENHbIX 0BbIKHOBEHHbIX AU depeHUmanbHbIX YPpaBHEHUA C MOCTOSHHLIMU KO3d)-
pULMeHTaMU SBRSIETCA MeToh MpPUBEOEeHUs CUCTEMbl JIMHEMHbLIX YPaBHEHUA K OLHOMY

®durHaHCupoBaHue
MccnenoBaHune He umeno
CMOHCOPCKOW NMOAAEPXKKN.

KoHhnuKT nHtepecoB YPaBHEHMIO BbICLLErO NOpsiAKa, MO3BOSSIIOLLIEr0 HAXOAUTb PELLUEHNUSI UCXOOHOW CUCTEMbI B
ABTOpbI 3as1BMSAT 06 OTCYTCTBUK BMAE NUHEVHbIX KOMOUHaLMI NPON3BOAHBIX TONIbKO OAHOW HEM3BECTHOWM (OYHKLIMN.

KOH(IMKTa UHTEPECOB. B naHHol paboTe paccmaTpuBaeTCst yTOYHEHUE MeTofa NpUBEAEHUsI CUCTEMbI NTUHEN-
Bknag aBTopoB HbIX 0ObIKHOBEHHbIX ANddepeHLManbHbIX YpaBHEHUIA C MOCTOSHHBIMK KO3 duLmeHTamm K
paBHOLIEHEH. OOHOMY ypaBHEHWIO BbICLLEro Nnopsiaka, No3BonsLLEero HauTh obLlee peLlueHne UCXOOHOM

CUCTEMBI, @ UMEHHO WCCredyeTcs BbIPa3UMOCTb BCEX (PYHKUMIA CUCTEMBI NNMHEWMHBIX OOHO-
poaHbIX AndpepeHLManbHbIX YpaBHEHWIT C MOCTOSHHLIMI kKoadduLmeHTamm x (t) = A - x(t)
B BUAE NUHENHbIX KOMOVHALUMA NPOU3BOAHBIX TONBKO OAHON HEU3BECTHOW PyHKUMM X (t),
BXoAsLen B aTy cuctemy. [ins no6on matpumubl A, Bce COBCTBEHHbIE 3HAYEHNS KOTOPOW HE
KpaTHbl, COPMYNMPOBaH HOBbLIN MPOCTON KPUTEPWUIA BbIPA3sMMOCTM B TEPMUHAX PaHroB
maTtpuy 1 nogpobHo [okaszaHa ero KOppPeKTHOCTb. [MonyyeHHbIi pe3ynbTaT MoXeT ObiTb
TaKKe MPUMEHEH MpY UCCINIEA0BaHNN PELLEHUI cucTeMbl x (t) = A - x(t) Ha NepMoANYHOCTL
1 NPU U3yHEHWUN NUHENHBIX CUCTEM Ha MOMHY0 HabnoaaemMocTb.
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The problem of solving a system of linear ordinary differential equations with constant
coefficients is one of the most important problems in both the theory of ordinary differen-
tial equations and linear algebra. Therefore, on the one hand, new methods and algo-
rithms are being developed for such systems, and on the other hand, existing methods
and algorithms for solving such systems are being improved. One of the most well-known
methods for solving a system of linear ordinary differential equations with constant coeffi-
cients is the method of reducing a system of linear equations to a single higher-order
equation, which makes it possible to find solutions to the original system in the form of
linear combinations of derivatives of only one unknown function.

In this paper, we consider a refinement of the method for reducing a system of linear
ordinary differential equations with constant coefficients to a single higher-order equation,
which makes it possible to find a general solution to the original system; namely, we study
the expressibility of all functions of the system of linear homogeneous differential equa-
tions with constant coefficients x'(t) = A - x(t) in the form of linear combinations of deriv-
atives of only one unknown function x, (t), which is part of this system. For any matrix 4,
all of whose eigenvalues are not multiples, a new simple criterion for expressibility in
terms of matrix ranks is formulated, and its correctness is proved. The result obtained
can also be applied in the study of solutions of the system x'(t) = A - x(t) for periodicity
and in the study of linear systems for complete observability.
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ﬂ,VI(*)(bepeHLl,VlaJ'leble YPaBHEHUA, JUHaAMUYEeCKNne CUCTEMbI U OMNTUMAallbHOE yrnpaBJieHne

BBepneHue

B nanHo#t paboTe paccMaTpuUBaeTCsl yTOUHEHHE METO/1a IPUBEICHHUS CUCTEMbI JIMHEHHBIX AU-
(epeHITaNBbHBIX YPAaBHEHUH € TOCTOSHHBIMU KOd(duIMeHTaMu K OJHOMY ypPaBHEHHUIO BBICIIETO
HOps/IKa, TTO3BOJISIOIIET0 HAWTH O0lee peleHue UCXOIHOM CUCTEMBI, a IMEHHO U3y4aeTcs 3a7ada

BBIPA3UMOCTH Beex (pyHKuui X, (¢),x, (¢),...,X, (), BXOIAIMX B 3a/JaHHYI0 OAHOPOIHYIO CUCTEMY
JIMHEHHBIX JU(QEPeHIHATBHBIX YPABHEHUI ¢ MOCTOSHHBIMU Koddduupentamu x'(¢)=A-x(¢) B

BH/IEC JIMHEHHBIX KOMOMHAIMI MPOU3BOAHBIX TOJIBKO OJHOW HEU3BECTHOH (DYHKLUH X, (t), BXOJIS-

el B 3Ty cucteMy. B pesynbrarte ucciaenoBaHus IS JTI000H MaTpuilbl A4, BCe COOCTBEHHBIC 3HAYE-
HUSL KOTOpOW HE KpaTHbI, HaWIEH MPOCTOM KPUTEpUH BBIPA3UMOCTH BCEX (YHKUUI CHUCTEMBI

x’(t)=A-x(t) B BuIe nMHEHHBIX KOMOMHALMI IPOM3BOAHBIX X, () U 10KA3aHA ero KOPPEKTHOCTS.

[NoydeHHBIN pe3yabTaT MOKET OBITh NMPUMEHEH B PSAA CIydYasX: @) TPU HCCIIEIOBAaHUN PELICHHUN

cucremsl x'(¢) = A-x(¢) Ha NEPUOIUYHOCTD, IOCKOJIBKY [IEPUOAMUECKOE PEILICHHE CUCTEMbI HMEET

oco0oe 3HaueHHe KaK Uil KaueCTBEHHOH TeopuH auddepeHnInanbHbIX YpaBHEHHH, TaK U IS H3yde-
HUS Pa3IMYHBIX MAaTeMaTHYECKUX MoJieliel B (U3UKEe, XMMUH, aCTPOHOMHH M APYTruX Haykax [1];
b) mpu NpUMEHEHNH METOJIa CBEICHHS CUCTEMbI TMHEHHBIX A (epeHIMaNbHBIX YpaBHEHUI OTHO-

cutensHo x, (1) K omHOMy Au(depeHIHanbHOMy YPABHEHUIO N-TO OPSIKA, TO3BOJISIOLIETO HANTH

o01ee pereHne NCXOMHOM CHCTEMbI B BHIE JIMHEHHBIX KOMOMHAINI TPOM3BOIHBIX (DYHKIMHU X, (t)

[2-5]; ¢) npu uccaenoBaHUY JIMHEHHBIX CUCTEM Ha TTOJTHYIO HAOJI01aeMOCTh [6].

MCﬂOﬂb3yeMble 00603Ha4YeHUs U NOHATUA

1 0...0
01...0
[Tycts E = — eIMHUYHAsl MaTpHLa 1-To Nopsajka, a E, = [0 ..010... 0] —
0 0...1
[-s1 CTpOKa Matpuiibl E.
xl (t) all a12 aln
X, (1t a, a a
Mycrs x(7)= 2 (7) , A= 17 * |le M,(C) — xoMmmiekcHas MaTpuua 7-ro
xn (t) anl anZ"' ann

MOpsAKA Takas, YTO MOIHOCTh MHOXECTBA €€ COOCTBEHHBIX 3HAYEHWH paBHA 7, TO €CTh
‘{k:det(A—k-E)zO}‘ =n.

Yepes A,,A,,...,A, 0003HAUNM COOCTBEHHBIC 3HAYCHHUS MAaTPHUIILI A, 4epe3 A 0003HAUMM HUX
MHOECTBO, TO €CTh A ={7L tdet(A-M-E)= 0} ={A. Ay A, )

Yepes v, 0603HAYNM COOCTBEHHBINH BEKTOP MATPHIIbI 4, COOTBETCTBYOIIHMI COOCTBEHHOMY
3HAYCHUIO A, .

Iycts V =[v,,v,,..., v,| — MaTpuua, cocTaBneHHas U3 KOOPAMHAT COOCTBEHHBIX BEKTOPOB-

CTOJIOIIOB MaTPHIIBI A.

10 MpuknagHas maTemaTuka 1 Bonpockl ynpaeneHus, Ne 2, 2023
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b, b, ... b, a,-\A  a, eoa,
Ilycts B(A)= by by o by, _| 4 e
b, b, .. b, a, a,, cea,, =\
1
Mycts 4,=[a, a, ... a,|—i-scrpoka matpuust 4,8,(A)=| *' | —j-it cron6eu matpu-
b,
et B(A).
[lycte
b, b, ... b, by, ... b,
b, b, .. b, b, ..b
B(hk):[Bl(K),Bz(%),..-,Bk_l(K),Bkﬂ(?»),...,Bn(l)} _ | Oz 2k-1 Dapn o |
)
bﬂl bn2 bnk—l bnkﬂ

MATpULIA, NI0JTyYeHHas 13 MaTpuisl B () BbluepkuBanueM k-ro cronbua B, ().

ycts Sp(fy, fose-o fo) =00 S, + 0L 15+t O, f, 1 0,0y, 0, € C} — nuneiinas o6onouxa
byukuuit f,, f5,..., 1,
KpuTtepun BbipazumocTtu Bcex pyHKUmnm cuctemol x'(f) = A-x(f) B BuAe nNUHeMHbIX
KOMOMHaLM NPOou3BOAHbLIX HeM3BeCTHOMU (hyHKUMN Xi(), BXOoAsALEeN B 3Ty CUCTEMY

PaccMoTpuM OTHOPOIHYIO CUCTEMY JTUHEHHBIX U] PEpeHIINATBHBIX YPaBHEHUN C MTOCTOSH-
HBIMHU K03 HUITHECHTaMHI

X, ()=a,x, (1) +apx, (t)+...+a,x,(1)
X, (

x; (t) =dasx (t)+a32x2

~

) =ay X (t) tay,x,

t), (1)

x,(t)=a,x (t)+a,x,(1)+...+a,x, ()

nn-"n

B nanno#t paboTe MBI HCCIeIyeM TaKylo 3a/1ady: MOKHO Jid cucteMy (1) OTHOCHTEIhHO HEU3-
BECTHOU (YHKIMH X, () IIPHBECTH K SKBUBAICHTHOI crcTeMe Ii((depeHIHANbHBIX YPABHCHHH BUlla

5 (1) =dyx, (1) d, (1) ot dy 2 (1)

X, (t) =d,x, (t) + dzzx,; (t) +...+d2nx,({"_1) (t)

x’lf—l(t)=dk—llxk(t)+dk_12x;c(t)+'--+dk_]nx£"‘l)(1) (2)
O () =dx, (1) +dpx, () +.+d ()

Y kX 2%k cotd,x;
xllc+1(t):dk+11xk(t)+dk+12xllc(t)+...+d x/(cnil)(t)

k+ln

xn (t> - dnlxk (t)+d”2x;f (t)+"'+dnnxl(fn_l) (t)

Appiled Mathematics and Control Sciences, no. 2, 2023 11
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TO €CTh MOXKHO JIH [J1sl IO0OT0 HAYaIbHOTO YCIOBHS X (f,) = X, BBIDA3HTb 3HAUYCHMS BCEX (YHK-
umit x, (1),x,(¢),...,x, (¢), Bxogsmux B 3agaHHyro cucremy (1) B BUe IMHEHHBIX KOMOHHALMI

IIPOM3BO/IHBIX TOJBKO OIHON HEM3BECTHOH yHKIMH x, (), BXOISILEH B 9Ty CHCTEMY U YIOBIIC-

TBOPSIOLIEH OTHOMY CKaJISIpHOMY AU depeHInabHOMY YPaBHEHUIO /-0 MOPSIKA.

Teopema. Cucmenmy (1) omnocumenvho neussecmuoii ynxyuu x, (t) ModNCHO npusecmu K K-
susaneHmuot cucmeme (2) mozoa u moabko mozoa, kKozoa rang (B (7»)) =rang (B (A, k)) ,Vhe A.

Hoxasarenncrio. Jloctarounocts. Iycte rang(B(A))=rang(B(A,k)),VAe A. U3 cucre-

™Mbl (1) u Teopemsl 'amunbToHa — Konu [7] nonyyaem:
x (t)=E,-E-x(t)
X (1) = 4 - E-x(1)

X (1) =4, 4-x(1 5

() =4, -4 x(1)

xl(cn) (t)_clxIEn—U (l)+..,+(—1)n_l Gn_]x;c (t)+(_1)” G, X, (t) =0

rae 6, =0,(A,A,,...,A,) — dIEMEHTapHbIA CHMMETPUYICCKHH MHOIOWICH CTeHeHN i. JloKaxeM,
E -E
A -E

uro det(H)#0, rne H=| A, -A |. Jlis 9T0ro 10CTaTO4HO [OKA3aTh, YTO CTPOKK MATPULLL H

A4 |

JIMHEHHO HE3aBUCUMBI. [IeiCTBUTEIBHO, ITyCTh

o -E E+o, A E+o, A4 -A+..+o, A4 A7 =0. 4)

Teneps ns rang(B()\))=rang(B(A,k)),YAe A cnemyer, 4T0 s MOGOTO COGCTBEHHOTO

3HAYEHUsI A, MATPHIBI A CYNIECTBYET COOTBETCTBYIOIINIA COOCTBEHHBIN BEKTOP V;, Y KOTOPOTO K-si

KOOp/AMHATa paBHa | (OTJIMYHA OT HyJIs1). YMHOXasi paBeHCTBO (4) cripaBa Ha V;,V,,...,V,, HOIy4uM
o+ 0, A +0, A+ o AT =0
o+ 0, A, 05 A +... 40, AL =0 5)

o+ 0, A, +05 A+ o AT =0

N3 dpopmynel Kpamepa u cBoiicTB aerepMmuHanta Bannepmonna cieayer, 4to cucrema (5)
MMEET TOJIBKO OJJHO HYJIEBOE PEIICHHE, TaK KaK COOCTBEHHbBIC 3HAYEHUS! Aj,A,,...,A, MOMApHO

pasnmuunbl. Teneps u3 (3) cienyer, 4To

12 MpuknagHas maTemaTuka 1 Bonpockl ynpaeneHus, Ne 2, 2023
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X (¢) —ox" (t)+...+(—1)"_1 c,.x (1)+(-1)" o,x,(1)=0

. , (6)
x(t)=H x(k)(t)
[ x, (2) |
x, (2)
rae X, (1)= x,(f) |. PasenctBo (6) osHauaeT, uYTO 3HaueHMS BCeX  (YHKIMii

x,(2),x,(t),....x, (t), BXxomsimux B cucremy (1), yaanoch BbIPasuTh B BUIE JINHEHHBIX KOMOUHaA-
LM [POM3BOJHBIX TONBKO ONHOI Hewm3BecTHOH (yHKumu x, (), BXOMSLEH B 9Ty cHCTeMy U
YIOBJIETBOPAIOLIEH 0OHOMY cKangpHOMY AuddepeHInanb,HOMy YPABHEHHIO 71-TO HOPSIKA

X () =0 () .+ (-1 o, x, (1) +(-1)" 0,x, (£) =0.

Uto0Obl 3aBepUINTh JI0KA3aTEIbCTBO JOCTATOYHOCTH, OCTAE€TCS TOJIBKO IO0Ka3aTh, YTO HE
TOJIKO BCsIKOE pelieHue cucteMsl (1) ynoBnerBopsier cucteme (6), HO U, HAOOOPOT, BCAKOE pe-
HIeHne CUcTeMbl (6) yaoBierBopsieT cucteme (1). st 3Toro 40CcTaTOYHO MOKA3aTh CIEAYIOIINE:

DA=H"-F-H u i)x, (t)=F-x, ().

i) HenmocpencTBeHHO yMHOXast MATPUIIBI, JIETKO 3aMETHUTh, YTO

H-V=W,W-D=F-W, A-V =V-D, 7)
rac

1 1 1 ... 1 A, 0 0...0
B T o S I B I M ey

e Vel VR Yo 00 0.. 2

0 1 0 0 ]

0 0 1 0
F=

0 0 0 o

n n—1 n-2 1

__(_1) Gn _(_1) Gn—l _(_1> Gn—Z _(_1) Gl_

Teneps nokasxem, uto u3 (7) cnexyer A=H ' - F-H. Jlelicteurensuo, W-D=FW = DW™' =
=W ' F=>V "AVW ' =W "F= AVW '=VW '"F=>AH'=H'"F=>A=H "“FH.
x, (1)
x, ()

ii) [IpoBepsIeTCs HEMOCPENCTBEHHO, TO ECTh x(' o (1)= x (1) |=

Appiled Mathematics and Control Sciences, no. 2, 2023 13
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[ 0 o 1 x(t)
0 0 x, (1)
0 0 0 L]
__(_l)n Gn _(_l)rF1 Gn—l _(_1)”72 Gn—z _(_1)1 (51_ _xl({"_l) (t)

HeoOxomumocts. IlycTh HEBEpHO, 4TO rang(B(?\.)) = rang(B(?\.,k)),V?»e A. Torma
Ire{l2,...,n} :rang(B(X,)) # rang(B(?»r,k)). U3 3TOro ciemyer, 9to k- KOOpAUHATa cOOCT-

BEHHOI'O BEKTOpa V,, COOTBETCTBYIOIIEIO COOCTBEHHOMY 3HayeHuio A, pasua 0. OOluee peie-

Hue cucteMsl (1) MoxeT ObITh IpesicTaBIeHO B Bue [2—4; 8—12]:

Ayx Ay Ao A,
Otcroa HaxoauM X, (1) =c¢ - v, € +c, v, e +...+c_ v, € +c -0-e" " +c,, X

r+l

Ay x

}“r X
XV €M+ +c, v, e, tae v, —ata k- KoopauHarta BeKTopa V,. Terepb HECIOXKHO 3a-

METUTh, YTO Sp(xk(t),x}{(t),...,x,(("_l)(t))cSp(ek‘“,exz'x,...,ex""x,ek’”'x,...,ex"'x), HO B CHIY

cobcTBeHHOCTH Bektopa v,, die€{l2,...,n}:x (t)¢ Sp(e%-x,exz.x,,,.,exﬁl-x’ex,ﬂ-x’“.,exwx). Teo-

peMa goKa3aHa.

3ameuanue. [Iycmo cucmema (1) omnocumensro neuseecmmoi gynxyuu x, (t) npusooum-
ca k cucmeme (2). Toeoa ece ¢hynkyuu X, (l),x2 (t) s s X, (l) cucmemwt (1) nepuoouueckue mozoa

u moavko mozoa, kozoa gynkyus x, (t) nepuoouuna.

3aknoyeHue

B pesynbTaTe MCCIENOBaHUs IS 000N MaTpuibl A, Bce COOCTBEHHBIE 3HAYEHUS KOTOPOii
HE KPaTHBI, HAWJICH IPOCTOI KPUTEPUI BBIPA3sUMOCTH BeeX QyHKumiA cuctemst x'(¢)=A-x(¢) B
BUJI€ JIMHEWHBIX KOMOMHAIMN POU3BOAHBIX X, (t) U JI0Ka3aHa €ro KOppeKTHOCTb. [1oryyeHHbIi
pe3ysIbTaT MOXKeT ObITh IPUMEHEH [P UCCICI0BaHUK pelueHui cuctemsl x (1) = A-x(t) Ha me-

PUOAUYHOCTL IIPHU HNPHUMCHCHHU MCTOAA CBCACHHA CHUCTCMBbI JIMHEUHBIX Z[I/I(i)(l)epeHHI/IaJH)HBIX

YPaBHEHHIT OTHOCUTEIBHO X, (f) K 0QHOMY Au((epeHIHaTbHOMY YPaBHEHHUIO 1-TO MOPSIKA, 110-
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3BOJIAFOIIETO HAWTH O0IIIEE PEIICHNE HCXOAHOW CUCTEMBI B BUJIC IMHEWHBIX KOMOWHAITUN TPOU3-

BOJHBIX QYHKIUH X, (t) , [P UCCIICIOBAaHHUH JIMHEHHBIX CUCTEM Ha MOJIHYIO HAOII0aeMOCTb.
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