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PaccmaTtpuBaeTcsi Bonpoc 06 acMMNTOTUYECKOW YCTONYNBOCTM NIMHENHOWM HEMPEPbIBHO-
OUCKPETHOW CUCTEMbI (DYHKLMOHANbHO-auddepeHUmanbHbIX YPaBHEHUIA C MOCTOSIHHBIMU
koadpcpuLmeHTamn. Takne cUCTEMbl COCTOST U3 ABYX MOACUCTEM: HEMPEPbLIBHOW U AUCKPET-
HOW, M YacTo HasbIBalOTCA rMbpuaHbIMU. HenpepbiBHasa noacucrtema npeacraenseT cobon
cuctemy aAudpdpepeHumanbHbix ypaBHeHUiA. OcoBeHHOCTb paccMaTpvBaemMon rmbpuaHoN
CUCTEMbI 3aKIIOYaEeTCA B TOM, YTO €€ HemnpepbiBHAs YacTb NpeacTaBnsieT cobown cuctemy
anddbepeHumanbHbIX YpaBHEHWI C COCPEAOTOYEHHBIM 3anasabiBaHWEM, B TO BPEMsi Kak B
nogaensioeM GonblUMHCTBE paboT paccMaTpuMBalOTCA Takve rMbpuaHble CUCTEMbI, He-
npepbIBHas YacTb KOTOPbIX MpeAcTaBnseT cobon cuctemy OObIKHOBEHHbIX AnddepeHum-
anbHbIX ypaBHeHWn. CTaHAapTHbIA NS NOCNeAHWX NoAXoa U3yYeHUst yCTOMYMBOCTU — WH-
TErPUPOBAHMNE Ha KaXOOM KOHEYHOM MPOMEXYTKE M MOCTPOEHUE MaTpuLbl MOHOOPOMMUU.
OpHako 3TOT noaxop, BooOLe roBopsi, HEMPUMEHUM K 3afaye UCCNEeAoBaHWs YCTOMYMBO-
CTU TMBPUAOHBIX CUCTEM, HEMPEpPbIBHAst YacTb KOTOPbIX NpeacTaBnsieT cobon cuctemy amd-
hepeHUmarnbHbIX YpaBHEHWI C OTKIMOHSOLWMMCS aprymeHToM. B HacTosiwen pabote ans
UCCNEOBaHNS YCTOWYMBOCTM MMOPUAHBIX CUCTEM TMPUMEHSIETCS METOL NPOM3BOASILLUX
(PYHKLMI COBMECTHO C aHanu3oM CrekTpa onepatopa CABura rno TPaeKTopuW peLLeHus
rmbpuaHon cuctemel. MNocTpoeHve npou3BoasLier yHKUMU ans mMatpuubl Koww n ans
(byHOaMEHTanbHOro peLleHusi No3BOSSIET CBECTU 3aJayy acUMMTOTUYECKON YCTONYMBOCTM
rMOpUOHON CUCTEMBI K 3afjave UCCIeLoBaHUsSI PACTONOXEHUS KOPHEW HEKOTOPON (DYHKLMM
B KOMIMIIEKCHOWM NNOCKOCTW. [Ansi 3TOW ¢PyHKUMN €CTECTBEHHO BBECTU TEPMUH «XapakTepu-
cTuyeckas yHKUMs rmbpuaHON cuctemsbl», YTo M Bbino caenaHo. Kpome Toro, AokasaHo,
YTO ANS AaHHbIX MMOPMOHBIX CUCTEM acUMMNTOTUYECKasi YCTOMYMBOCTb COBMaJaeT C paBHO-
MEPHON 3KCMOHEHUMANbHON YCTOMYMBOCTLIO. [daHHbI NMoaxod COBMECTMM C METOAOM
D-pasbueHns, 4To No3BonsieT NPUMEHSTb €ro As NomnyyYeHnst HOBbIX 3PEKTUBHBIX KO-
PMLMEHTHBIX NPU3HAKOB acMNTOTUYECKON YCTONYMBOCTU MMOPUAHBIX CUCTEM: B YAaCTHOCTH,
ONsi NOCTpoeHusi 0bnacTy yCTOMUMBOCTU. B HacTosien cTaTbe NOCTPOEH HOBbIM NMPOCTOMN
HeobGXOANMbBIN NPU3HAK acUMMNTOTUYECKOW YCTOMYMBOCTM TMOPUOHON CUCTEMbI, KOTOPbIA
CBOAUTCS K NMPOBEPKE ABYX 3NIEMEHTAPHBIX YUCMOBbLIX HEPABEHCTB.
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We consider the issue of asymptotic stability of a linear continuous-discrete system of
functional differential equations with constant coefficients. Such systems consist of two sub-
systems, continuous and discrete, and are often called hybrid. The continuous subsystem is
a system of differential equations. The feature of the hybrid system under consideration is
that its continuous part is a system of differential equations with concentrated delay, while
the overwhelming majority of papers consider hybrid systems whose continuous part is a
system of ordinary differential equations. The standard approach to studying the stability of
the latter systems is integration on each finite interval and the construction of the
monodromy matrix. However, this approach is generally inapplicable to the problem of stud-
ying the stability of hybrid systems such that the continuous part is a system of differential
equations with deviating argument. In the present paper, the method of generating functions
and the analysis of the spectrum of shift operator along the trajectory of the solution of a
hybrid system are applied to study the stability of hybrid systems. Construction of the gener-
ating function for the Cauchy matrix and for the fundamental solution allows us to reduce the
problem of asymptotic stability of a hybrid system to the problem of studying the location of
the roots of a certain function in the complex plane. For this function, it is natural to introduce
the term «the characteristic function of the hybrid system», which was done. In addition, it is
proved that for these hybrid systems, the asymptotic stability is equivalent to the uniform
exponential stability. This approach is compatible with the D-partition method, which allows
us to use it to obtain new effective coefficient conditions of asymptotic stability for hybrid
systems: in particular, to construct the stability region. In this article, a new simple necessary
criterion for the asymptotic stability of a hybrid system is constructed, which is reduced to
checking two elementary numerical inequalities.
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AnddepeHumnanbHble ypaBHEHUS, AUHAMUYECKME CUCTEMbI U ONTUMaribHOE yrpaBneHue

BBeoeHue

HenpepbiBHO-IUCKpeTHBIE cUCTEMBI (DYHKIMOHAIBHO-TU((EepeHIIMaIbHBIX YpaBHEHUN (Ha-
3bIBa€MbI€ TaK)K€ THOPUIHBIMH CHCTEMaMH) — 3TO CHCTEMBI, COCTOSIHUE KOTOPBIX OMHCHIBAETCS
JIByMs TPYIIIIAMHU B3aUMOCBSI3aHHBIX [IEPEMEHHBIX: OTHOCSIIMECA K IIEPBOM I'PyNIIE IEPEMEHHbBIE
MPENICTABISIIOT co00¥ (DYHKIIMM HEMPEPBIBHOTO apryMEHTa W YIOBIETBOPsOT auddepeHmaib-
HBIM YpaBHEHHUSAM, ApyTas Tpylia MePEeMEHHBIX MpeACTaBiIeHa (QyHKIUSIMH TUCKPETHOTO apry-
MEHTA, YI0BIETBOPSAIOIIMMH Pa3HOCTHBIM YPABHEHUSM.

B pa6ote [1] nosicasieTcsi, 4To ruOpUAHBIE CUCTEMBI BO3HUKAIOT IPU U3YYEHUU TEXHUYECKUX
00BEKTOB C MUMITYAbCHBIM U HU(POBBIM YIPABICHUEM, a TaKXXE B MOJEIAX YKOHOMUYECKOU -
HaMUKH, B KOTOPBIX SKOHOMHUYECKHUE MTOKA3aTEIN HEIPEPBIBHBI, HO PE3YyJIbTAThl UX HAOIIOACHUS U
YIPaBIECHYECKUE PEIICHUS JOCTYIHbI B TUCKPETHBIE MOMEHTBI BPEMEHHU.

YCTOWYMBOCTH TUOPHUIHBIX CUCTEM HCCIEAYETCS CICIYIONUMU METOIAMH:

e Momudukanus merona Jlsmynosa [1-3];

e TIPUHIIMIT HEMOJABIKHON TOUKH [4];

W-meton Asbenesa [5;6];

® CBEJCHHE K PA3HOCTHOW CHUCTEME MHTETPUPOBAHUEM HCXOJHOW CHUCTEMbl HA KOHEYHOM IIpO-
MexyTke [7-10].

[TocnenHuit METO MOXKET NPUMEHSTHCS TOJIBKO K TAKUM TMOPHIHBIM CUCTEMaM, B KOTOPBIX
HETpepbIBHAS MMOJICUCTEMA SBIISETCS CUCTEMON OOBIKHOBEHHBIX UG GEepeHIMaIbHBIX YPaBHEHHH.
VIMeHHO 17151 TAaKOTO POJia CUCTEM JI0 CHX MOP YAaBAIOCh MOJIYYHTh TOYHBIE AP PeKTUBHBIE KO-
(¢unueHTHbIE HeOOXOANMBIE U IOCTAaTOYHBIE YCIOBUS aCUMIITOTUYECKONH YCTOMYUBOCTH.

B paGore [11] uccnenoBaHo ypaBHEHHE C JMCKPETHBIM 3ama3/ibIBalOIIMM apryMEHTOM M
IIOCTOSIHHBIM COCPEA0TOUEHHBIM 3ala3/ibIBaHueM. DTO ypaBHEHHE CBOIUTCS K THOPUIHOM cucTeMe
JpyToro THUIA, TaK KaK HENpPepbIBHAs MOJCUCTEMA SIBJISIETCSI YPAaBHEHUEM C 3alla3[bIBAHUEM; TEM
HE MeHee 00J1acTh YCTOHYMBOCTH XOTS ObI YaCTUYHO, HO YAAJIOCh MOCTPOUTh. [ nOpuaHas cuctema,
OTHOCSIIAsACA K TOMY K€ TUILy, paccMaTpuBajiach B [S5]— it He€ ObUIM HaNAEHbBI JOCTATOYHBIE
YCJIOBUS KCIIOHEHIIMATBHON YCTOMYMBOCTH.

B nacrosiiiem ucciaeioBaHUM paccMaTpuBaeTcs FTHOpHUIHAs cUcTeMa, HelpepbIBHAS MOACHUCTE-
Ma KOTOpOH IpezacTaBisieT co0oi cucteMy qud@epeHInanbHbIX YPaBHEHUH ¢ COCPEIOTOUEHHBIM
3ama3bIBaHueM. MBI IPUMEHSEeM METOJ MPOU3BOAAIINX (PYHKIMH I CBEIEHHs 3a/laudl MCCie-
JIOBaHUS YCTOMYUBOCTU 3TOM CUCTEMBI K BOIIPOCY O PACIIOIOKEHUU KOPHEU XapaKTEPUCTUUECKON
(YHKIMN B KOMIUIEKCHOW IJIOCKOCTH, @ TAKXKe MCIIOIB3yeM TOT METOJ JJISl ITOTYUYESHHUS POCTHIX
HEOOXOIMMBIX YCIOBHA YCTOWYMBOCTH JAHHON THOPUIHON CHCTEMBI.

OcHoBHOM pe3ynbraT

Benéwm ciemyromme 0003HAYCHHUS
e R, =[0,+0),
o NO — MHOXCCTBO ILICJIBIX HGOTpI/II_IaTCJILHBIX YHUCCII,
e uepe3 [-] oO03HaYCHA Tielast YacTh YHUCIIA,
e uepe3 {-} o0o3HaYeHA APOOHAS YaCTh YHCTIA,

e /, ©® —eaMHUYHAS U HYyJIEBAasl MAaTPUIIBI COOTBETCTBEHHO.
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PaCCMOTpI/IM CJICAYIOUIYIO FI/I6pI/II[HyIO CUCTCMY:
#(1) + Ax(t) + Bx([1]) + Cx(r— 1) = 0, t€R,,
.X(t) = W(t)’ re [_1a0)7

rne A, B,C € R™ HadanpHast QyHKIUS Y CYUTACTCS CYMMHUPYEMOM.
K nanHoMy Buay cBOmsTCs JIF00ast TMHEITHAS aBTOHOMHAsI THOpUIHAS CHCTEMa TakKas 4To:

ey)

® JVCKpETHas MOACUCTEMA MPEICTaBIIAET COOOM TMHEIHYI0 aBTOHOMHYIO CUCTEMY Pa3HOCTHBIX
YPaBHEHUH ¢ paBHOMEPHBIM LI1aroM CETKH;

e HEMpepbIBHAS MOJACHUCTEMA MPEACTaBIseT co00il cucTeMy JHMHEMHBIX aBTOHOMHBIX Audde-
PCHIIMANBFHBIX YPAaBHEHUI C MOCTOSHHBIMH 3ara3/IbIBAaHUSIME, BETUYHHBI KOTOPBIX KPATHBI IIATy
CETKH IS AUCKPETHOU MOJCUCTEMBI.

O603naunm marpuny Komm cuctemsr (1) gepes Y = Y(t, ).
Kak uzBectHo [12], pemienue 3amaun Komm mist cuctemsl (1) B IpOCTpaHCTBE JIOKAJIBHO
a0CONIIOTHO HENPEPBIBHBIX BEKTOP-QYHKIUH CYNIECTBYET, €AMHCTBEHHO U MPEICTAaBUMO B BHJIE:

t

x(t) = Y(z,0)x(0) — fY(t, S)w(s—1)x(l —s)ds, )

0

rae x — GyHKIus XeBucana.
Kak BunHo u3 dopmyibl (2), aCHMITOTHUYECKHE CBOWCTBA PEUICHUS THOPUIHON CHUCTEMBI
onpenestoTes ceoicTBaMu MaTpuibl Komu.

Omnpenenenne 1. Cucrema (1) Ha3pIBaeTCS ACUMITOTUYECKH YCTOMUMBOM, €CIIH JIJIS JTFOOOTO
s > 0 umeem lim ||Y(z, s)|| = 0.
t—+o00

Omnpenenenue 2. Cucrema (1) Ha3pIBaeTCsl paBHOMEPHO SKCIOHEHUIHAIBHO YCTOWYHMBOIM,
€CJIU CYIIECTBYIOT TakKe I0JI0KUTeNbHbIe uncna M u o, uto ||Y(z, s)|| < Me " nus mo6bIX t u
S TaKUX, 4YTO f > .

Jlerko Bumeth, uto Y(t,s) = Y(t — [s],{s}), mosromy MOKHO Ge3 OrpaHUuYECHHs OOUTHOCTH
cuuTark, 4to s € [0, 1).
Pazo0bém marpuiry Komm Ha mocnenoBarenbHOCTh PyHKIHM, onpeaenéHnpix Ha [0, 1]:

vo(t)y=Y(T+n+s,s), nelNy tel0;1].

[TocTporm npou3BomsILyt0 QYHKIUIO F 1 Marpuiibl Korm:
Fz,1) = ) (02" (3)
n=0

3neck st moboro n € Ny cipaBeyIMBO paBEHCTBO
Ya(1) = Yus1(0). 4)
Cucrema (1) nia nocnegoBaTesibHOCTH {y,} TPUHUMAET BU:

{yn(r) + Ayu(T) + By, (1 = 5) + Cy, (1) =0, 1< 1-35,

Ya(0) + Ayn(1) + Byu(1 = 8) + Cy,i (1) =0, 1> 1-w. ®

[Ipumenus cymmy (3) k cucreme (5), yuuThIBasi paBEHCTBO (4), MOIy4YaeM CIEIyOLIY CH-
CTEMY:
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Fl(t,2) + AF(1,2) + BzF(1 — 5,2) + CzF(1,2) = 0O, t1<1 -3,
F(t,2) +AF(1,2) + BF(1 = 5,2) + CzF(1,2) = O, 1> 1-3, (6)
FO,2) =1+ zF(1,2).

Kak nerxo Buaeth, cucrema (6) mpeacTaBisieT co0Oi KpaeBylo 3ajady AJIsi CHCTEMBI JBYX
OOBIKHOBEHHBIX JH(QepeHInaTbHbIX MATPUUHBIX ypaBHeHUH. Haiiném perienue 3Toil cucTeMBbl.
Bo-nepBeIX, HAXOAUM peElIeHUE NTEPBOT0 MaTPUYHOTO ypaBHEeHUs Ha oTtpeske [0; 1 — s]:

T
F(t,2) = e “W9F(0,2) - 2 f e CRGE BF(1 - 5, 2).
0
[Moncrarnsiem T = 1 — s B OCIEAHIO (HOPMYIy:
1-s
F(1-s5,2)=e“9U9F(0,2) -2 f e MCRIEBF(1 - 5, 2).

0

CienoBaTelibHO,
1-s

F(0,7) = 409114 7 f e WCRIEBIF(1 - 5, 2). (7)
0
Bo-BTOpBIX, HAIEM pElIEHHE BTOPOTO MaTpUYHOIO ypaBHEHUs Ha orpeske [l — s, 1]:

.
F(1,7) = e WO R — 5 7) - f e UHCIEIHIJE BE(1 — 5, 2).
1-s
IloncraBuMm T = 1:
1
F(l,2) = e F(1 = 5,2) - f e WCIEII e BE(1 — 5, 2).
1-s
Taxum oGpa3zom,

1
F(l,2) = pATCI(1=9) | ,=(A+Ca) _ fe(mCz)EdEB F(1-s,2). (8)
1-s
Hakonen, oobenuanm (7) u (8) ¢ MOCICIHUM PaBEHCTBOM CUCTEMBI (6):

1
F(0,2) —zF(1,2) = e U] — 7oA 4 7 f e MCRGEB|F(1 - ,2).

0
CnenoBarenbHo,
1 -1
F(l —s,2)=|1—-2¢4 ¢ f e W CIEGE Bl AFCAD)

0

B utore nony4aem BeIpakeHUE ISl IPOU3BOAAILICH (DYHKIIHH:
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T
(e<A+CZ><1-f-S> —z [ e CRgE B) F(1-s,2), 1<1-s
0

F(t,2) = T
[e(AJrCZ)(H‘S) = [ e ArCaETrgg B] F(1-5,2), 1>1-5.

1-s

O6o03HauMM ompenenuTens oopamaeMoit Marpuisl yepe3 ®@. Kak Mbl BUAMM, aCUMOTOTHYE-
CKHe cBoiicTBa Marpuilbl Koy omnpenensrorcss pacnoiokeHHeM KOpHEH 3Toi (QyHKIHMU Ha KOM-
IUIEKCHOM MIOCKOCTH, O3TOMY (yHKLHI0O © €CTEeCTBEHHO Ha3BaTh XApAKMepucmuieckou QyHk-
yueti THOpUTHON cructeMsbl (1):

1
O(z) = det| I — ze7A*) 4+ zfe(“CZ)EdEB . 9

0

Teopema 1. Credyrowue ymeepaicoenus 3K8UBATEHMHYL.

1) cucmema (1) pasnomepno sKkCnOHEHYUATILHO YCMOUYUBA,
2) cucmema (1) acumnmomuuecku ycmouyuaa,

3) cywecmeayrom nonodcumenvHule yucia o, M maxue, umo 0/ 11000t CyMMUPYeMOol HaAYaIbHOU
dyukyuu Y u 1106020 BewjeCMmEeHHO20 Xy 8bINONIHAECMCS HEPABEHCMBO

@Il < MUl + [1xo0ll)e™,
4) ece kopnu ¢ynkyuu (9) nexcam ene eOUHUUHO20 KPYea KOMNAEKCHOU NIOCKOCHIU.

Hoka3zareabcTBo. Mmmumkamus 1) = 2) oueBuaHa.

DKBUBAJICHTHOCTH 1) & 3) HENmoCpenCTBEHHO BhITEKaeT u3 Gpopmyisl Kommu (2).

Jlnst nokazarenbcTBa UMILIMKAMU 4) = 1) BOCHOJb3yeMcsl MOJIXOA0M, PEaJM30BaHHOM B
pabote [13] npuMeHUTENBHO K (PyHKIMOHATBHO-AU(PPEpEHINATbHBIM YPABHEHUSIM HEUTPaIbHOTO
TUIA.

Tax kax © sBisiercs 1enoit GpyHKIuMe, oHa He UMEET TOUEK CTYLICHHS 32 UICKITIOUYEeHUEM, ObITh
MOXET, OECKOHEYHO YyHaN€HHBIX TOUYEK KOMIUIEKCHOM rmiockocTu. CienoBarenbHO, CYIIECTBYET
0 > 0 takoe, 4To A5 J1H000T0 KOpHS Z QyHKIMH O cripaBeIMBO HEPABEHCTBO |z| > €°.

Bocnonezyemcst HepaBeHcTBOM Komm a1 KO3 HUIIMEHTOB CTENEHHOTO psija:

Iy.(Oll < Ke™™, e K= max ||[F(z, 7l
l=e°, 1€[0,1]
Mgl nokaszanu, uto npu s € [0;1) cnpasemnmusa ouenka ||Y(z, s)|| < Ke U=, Urak, ecim
s € [0; +00), TO
1Y (@, I = 1Y (2 = [s], {shll < Ke U B0 = gemolt=],

[IpoBeném aoka3aTeNbCTBO UMILUIMKAIUU 2) = 4).
ITycte s € [0; 1). PaccmoTtpum omeparop S, nevicteytomuit uz C”[0; 1] B C™[0; 1], cnexyro-
oM oopazoM: y = S x, rue

{y'(t) +Ay(t) + By(0) + Cx(1) = 0,
y(0) = x(1).
WupiMu croBamu, S mpencTaBisieT coOOM omepaTop CABUTA MO TPACKTOPUAM IS THUOPHUIHON

CHCTEMEI (6), TO €CTh X,.1 = S X, Tae x,(T) = x(T + n).
[TonoxuB X, = AX,, MOJIy4aeM
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1
-1 -1
)\,I—e_(AH\ C) +Bfe—(A+)\ C)s ds X, = 0.
0

Jlist Toro 9TOOBI CYIIECTBOBAJl HEHYJICBOM BEKTOP X,, HEOOXOAMMO M JIOCTAaTOYHO, YTOOBI
BeJIMuYMHA A ObLIa paBHA 7 |, IJie 7 — KOPEHb XapaKTePUCTUYECKOH (DyHKIIUH.

Bri6epem B kauecTBe HadualbHON (PyHKIIMH COOCTBEHHBIN BEKTOp oreparopa S .

Ecimmn tllglo [|Y (2, s)|| = 0, To cormacHo hopmyiie (2) umMeem ;llglo x(t) = 0, cmemoBarenbHoO, |A| < 1,

TO ecThb |z| > 1. L]

Teopema 2. /[na moeo, umoowt cucmema (1) 6vira acumnmomuuecku ycmoudusou, Heooxo-
OUMO 8bINONHEHUE HePABEeHCME.!

1) dettA+B+C) >0,

1
2) det(I + ¢ + [ € “EJE B) > 0.
0

1

Jloka3aTeabcTBO. 3ameTuM, uyto det ( f e~ A+O% dE] > 0.
0

[TpeoGpazyem HepaBeHcTBO det(A + B + C) > 0:

1 1
0 < det f e A8 ge | det(A + B + C) = det f e AORIEA+B+O)| =

0 0
1 1 1

= det f e WORIEA + O) + f e WORGE Bl = det| I — e YO + f e WORJE B = d(1).
0 0 0

Nrak, HepaBeHCcTBO 1) sKkBUBajIeHTHO HepaBeHCTBY (1) > 0.

HenocpencTBeHHOH NOACTaHOBKOW yOekaaeMcsi, 4TO HEpaBEHCTBO 2) SKBUBJICHTHO HEPaBEH-
ctBy O(—1) > 0.

OueBugno, ®(0) = 1 > 0, modToMy eciu XOTsi Obl OHO W3 HEPABEHCTB, 1) wim 2), HE
BBITIOJTHSAETCSI, TO CYIIIECTBYET XOTs ObI OJTMH BEIIECTBEHHBIN KOpeHb QyHKINH O, MpuHaIe)KAITUN
orpe3ky [—1, 1], u cucrtema (1) He ABIAETCS ACUMIITOTUYECKH YCTONYMBOM. O

Jannast Teopema o0o0mIaer pesynsrar padboTsl [14].
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