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In recent decades, there has been an active interaction of geological and mathematical sciences. One of the main directions
of the introduction of mathematics into geology and the practice of geological exploration is the mathematical modeling of
geological objects. In the Kirovsk-Apatit district of the Murmansk region, enterprise the Kirov branch of Apatit, JSC, is
developing six fields: Plateau Rasvumchorr, Kukisvumchorrskoe, Yuksporskoe, Apatity circus, Koashviskoye and
Nyurpakhskoye. At the moment, Ventyx MineScape (Australia) is actively being implemented in Apatit JSC. This is a set
of integrated modules used in mining operations at enterprises conducting open / underground mining of ore deposits. Also
at the Mining Institute of the Kola Scientific Center of the Russian Academy of Sciences (Apatity, Murmansk region), the
computer modeling system MINEFRAME has been created and constantly improved. Today, it is an integrated software
package designed to solve a wide range of geological, mining and technological problems. As example of the Apatite
Circus deposit, the prospects of joint use of mining and geological information systems MineScape and MINEFRAME for
mathematical modeling of geological objects and a geostatistical description of the spatial distribution of the mineral are
shown. The article discusses the results of a geostatistical study of the distribution of the useful component (P,Os) within
the ore body bounded by the framework model of balance ores from the Apatite circus deposit, and also two block models
are constructed. The blocks of the first model were filled using the method of inverse distances, the blocks of the second -
by the usual kriging method. At the end of the article, to select the most suitable method for the field, there has been made a
comparison between the average contents obtained by using the methods of conventional kriging and inverse distances.

B nocneanue aecaTuieTHs HaboJaeTcs aKTHBHOE B3aUMO/ICHCTBHE I'e0IOTHYECKHX M MaTeMaTHYeCKuX Hayk. OnHo u3
TJIABHBIX HANpaBICHWH BHEAPEHHMS MaTeMAaTHKH B TEOJOTHMIO ¥ TPAKTHKY TIEO0JOro-pa3BelouHbIX pador —
MaTeMaTH4YECKOE MOJIEIMPOBAHUE I'e0orHYeckux o0bexToB. B Kuposcko-Anarurckom paiione MypmaHckoii obnactu
rpagoob6pasytoniee npeanpustue Kuposckuii punnan AO «Anatuty BefeT pa3paboTKy LIECTH MECTOpOXAeHUMH: ITnato
PacBymuopp, Kykucsymuoppckoe, IOkcmopckoe, AmaturoBbiii nmpk, KoamBuckoe nm Heiopmakxckoe. B maHHBIH
MoMeHT B AO «AmnaTut» akTHBHO BHeapsiercss Ventyx MineScape (ABctpanusi) — 9T0 HabOp HMHTETPUPOBAHHBIX
MOJyJeH, HCIIOIb3yeMbIX IPH BEACHHU TOPHBIX PabOT HAa NPEANPUATHAX, BEAYLIUX OTKPBITYIO/TIOA3EMHYI0 OTPabOTKY
IUIACTOBBIX/PYAHBIX MecToposxk/aeHuil. Taxke B [opHoM mHcTHTYTe Konbekoro HaywHoro nentpa PAH (r. Amarutsl,
MypmaHckas 00J1acTh) CO3/1aHa U MOCTOSHHO COBEPIIEHCTBYETCS CHCTEMAa KOMITbIOTEPHOI'0 MOJIEIMPOBAHUS 00BEKTOB
ropHoit texxomorun MINEFRAME. Ha ceromus ona mpejcraBiseT co0Oil MHTEIPHPOBAHHBIA ITAKET MPOTpaMu,
MpeHa3HAYCHHBIH Ui pEUIeHHs IIUPOKOTO Kpyra TOPHO-TEOJOTMYECKHX U TOPHO-TEXHOJOTHYECKHX 3ajad.
Ha npumepe MecTopoxaeHUs ANaTHTOBBIA HUPK MOKa3aHA NEPCIEKTUBHOCTh COBMECTHOIO MCIIOJIb30BAHHMs TOPHO-
reoNornueckux HHpopManuonusix cucreM MineScape u MINEFRAME nns MareMaTHYeCKOTO MOAETHPOBAHHS
TEOJIOTUYECKNX OOBEKTOB M T'EOCTATHCTHYECKOTO ONMCAHHA NPOCTPAHCTBEHHOTO pACIpPEICNCHUS IMOJIE3HOTO
HCKOIIaeMoro. B cTaTbe paccMOTPEHbI Pe3ysbTaThl I'€OCTATUCTHUECKOTO MCCIEJOBAHMS PACHPENENICHHs MOJIE3HOTO
kommnoHeHTa (P,Os) B mpejenax pyAHOro Tena, OrpaHUYEHHOTO KapKacHON MOZEINbI0 0alaHCOBBIX PYJ MECTOPOXKACHHUS
ATIaTHTOBBIH IIMPK, a TaK)Ke MOCTPOCHBI JBe O10uHBIC MoJeaH. bioku mepBoit Moaenn GBUIN 3aII0JHEHBI C MOMOIIBIO
MeTosla OOpaTHBIX PACCTOSIHUM, OJIOKM BTOPOH — METONOM OOBIYHOIO KpPHI'MHIa. B KOHILE CTaTrbu HPHUBOAUTCA
CpaBHEHHME CPEIHMX COJACP)KAHMiA, MONYYCHHBIX B PE3y/lbTaTe¢ HHTEPHOIALHMH METOAAMU OOBIYHOTO KPUTHHTa H
00paTHBIX PacCTOSIHUM, It BEIOOpa HanboJee MOAXOAAIIET0 METO/1a /Ul JAHHOTO MECTOPOXKIACHHUSI.
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Introduction

From the results of discrete observations a
description of the spatial distribution of
geological exploration information as well
as the prediction of their values at points or
areas of the studied space by the mathematical
modeling can be made. Currently, both
in international practice and in Russia,
the following contents calculating methods
are mainly used:

1) polygonal method;

2) deterministic models;

3) probabilistic models (geostatistical);

4) stochastic modeling.

The first method was used before the
development of computer simulation methods.
Evaluation of the contents was carried out by
weighted average at height. Volumes estimation —
is the sections areas measurement with the
subsequent volumes calculating of basic
geometric figures.

In deterministic models, it is assumed that
the spatial variable is a non-random function
of coordinates and depends on the location of
measurement  points. The method of
interpolation of the actual data values at the
points of observation determines the used
mathematical model type.

The geostatistical model considers the
studied object as a geometric field with
a certain law of spatial variability and
with a well-defined value of the object at each of
its points. The studied parameter is considered as
a point spatial variable with a number of
characteristics. The anisotropy of the spatial
variable is expressed by the different rate of
change of its values in different directions [1-8].

Stochastic modeling allows estimating the
spatial variability and uncertainty of the
data and generating a set of equiprobable
implementations based on the initial
distribution [9-12].

At the Mining Institute of the Kola
Scientific Center, a mining computer

simulation system MINEFRAME has been
created and is constantly being improved.
Today it is an integrated software package
designed to solve a wide range of geological,
mining and technological problems. To find
dependencies describing the useful component
content variability, the geostatistics methods
are used, as well as the interpolation by the
inverse distances method, taking into account
the anisotropy ellipsoid of the studied
characteristics [13—18].

Using the capabilities of MINEFRAME,
according to operational and detailed
exploration data (more than 11,000 samples),
as well as 2 % and 4 % frame models of
the P,Os spatial distribution of the Apatite
circus field, developed by the underground
method by the Kirov branch of Apatit,
an assessment of the mineral content
distribution by two methods: geostatistical and
inverse distances was performed.

Geological structure
of the Apatite circus deposit

The history of the study of the world's
largest Khibinsky alkaline massif has more
than 150 years. The interest in it is caused by
the relative rarity of alkaline complexes, the
presence of the largest deposits of strategic
raw materials and outstanding mineral
diversity (over 400 minerals, including more
than 100 discovered here for the first time).

By type, the Khibiny massif refers to
asymmetric concentrically zonal plutons,
while, according to geophysical data, the
depth of its lower boundary is 57 km. The
massif is composed of nepheline syenites,
foidolites. Ultrabasic relics are present in
nepheline syenites [19-22]. The dike series
of lamprophyres, alkaline basalts, and
tinguanites is widely developed. Nepheline
syenites of the Khibiny contain agpaitic
minerals only as accessories. The foyaites
(chibinites) of the outer zone and the foyaits
of the core of the massif have weakly
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expressed (hidden) stratification, which, like
the trachytoid nature of these rocks, agrees
with the general structure of the massif and
falls at angles of 30—40° to the center of the
concentric structure [23-25].

Despite the relatively simple structure of
the Khibiny massif, not only the genesis, but
also the age ratio of these rock complexes still
causes discussions. To explain the array
concentric-zonal structure a variety of genetic
schemes are proposed.

All Khibiny deposits are confined to the
part of the Main Foidolitic Ring, which is near
to the Rischororite, where they form three ore
fields: the south-east, south-west and north

| ", Idich\/umc}iofn
| 4 ) I
F |

Apatite-nepheline
~| rocks

I:l Lyavochorrits

.
Aykuivenchorr

(Fig. 1). The deposits within each of these
fields have a similar structure [26-30].

The Apatite circus field belongs to the
south-western ore field and located between
the Ukspor and Plateau Rasvumchorr deposits
(see Fig. 1) and is a 12-km ore body with the
Kukisvumchorr deposit, all parts of which
have the same type of geological structure.
The length of the Apatite circus itself along the
strike 1s 2.5 km. The horizontal thickness of
the deposit increases from 10-50 to 150-200 m
from the northwest to the southeastern flank.
The dip angles gradually increase with depth
from 15-20° (at the upper level of the
reservoir) to 40-50° (at the depth).

|:] Alkaline Syenite
I:l Foyaity

Volcanic-sedimenta — .
E] xenoliths £ / Rifts

Petrographic variations of samples taken from profile A-B—-C—-D—E—F
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Fig. 1. Scheme of the Khibiny massif geological structure [32] with additions [26]. Apatite-nepheline deposits:

1 — Valepahk; 2 — Partomchorr; 3 — Quelporr; 4 — Snow Circus; 5 — Kukisvumchorr; 6 — Yuksporr;

7 — Apatite circus; 8§ — Plateau Rasvumchorr; 9 — Koashva, /0 — Njorkpahk; 7/ — Oleniy Ruchey.
A —B—C—-D—E - F —profile with sampling points for studying of the array zonality
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The most thick central part of the deposit is
characterized by a zonal internal structure
(in the direction from the lying to the hanging
side): 1 — the zone of urtites with apatite
impregnation (10-15 m); 2 — zone of mesh,
lenticular-banded and block ores (50-100 m);
3 — zone of spotted and spotty-banded ores
(25-75 m); 4 — discontinuous zone of titanite-
apatite ores (20 m). The alternation of ore
types is often disturbed by the appearance of
the intracranial vein breccia layers in the
different parts of the section [31, 32].

The field has been developing by the
Rasvumchorr mine of the Kirov branch of
Apatit JSC since 1954 by the underground
method.

Geometry of the ore body
of the Apatite circus deposit

Geometry of a deposit as one of the ways
to interpret geological exploration data begins
with the ore body delineating. This is a set of
operations to allocate the volume of subsoil,
which includes reserves that meet the
condition. Contouring reflects the morphology,
internal structure, occurrence conditions and
ore bodies’ continuity.

For the Apatite circus, the contours of the ore
body were created in a two-dimensional space
(AutoCad) by geologists of the Murmansk
Geological Exploration Expedition JSC. The
method of the reserves delineating for P,Os cut-
off grade, and thicknesses of ore bodies and
empty interlayers included a number of
operations: establishing, in accordance with the
conditions, ore intervals by wells and mine
workings  (delineating by mining) and
determining the contours of ore body reserves on
the plan (delineating by area) 33-37].

Using the MineScape tools, the staff of the
Kirov branch of Apatit JSC tied the ore body
contours to the well trajectories in 3D space.
Those wells that slightly deviate from the plane
were also taken into account. Figure 2 shows a
section along profile 9 + 00, in which it can be

seen how in the recumbent side of the deposit,
balance (4 % cut-off grade) ores turn into
off-balance (2 % cut-off grade).

Skeleton modeling was performed by
triangulation between contours in the
MineScape environment. The first was built
a 4 % frame model. The triangulation was
carried out on the basis of the balance ores
using tie lines playing the guides role. Then
a 2 % skeleton was built, including balance
and off-balance ores.

Fig. 2. 3D visualization of the ore body
contours of the Apatite circus deposit
along profile 9 + 00, MineScape

During the ore body’s geometrisation, wells
drilled from the surface at the preliminary
exploration stage and specifying additional wells
were taken into account.

Block model of the Apatite circus
deposit ore body

The main task of exploration and
subsequent study of mineral deposits is to
obtain a reliable distribution model of the
parameter being studied. To carry out
interpolation and prediction of the main
parameters of mineralization, it is necessary to
create a geometrical basis — a block model.

A block model is an ordered set of
rectangular parallelepipeds placed inside a
closed frame surface. The parameters of the
block model, determining the localization of its
blocks in space, are the dimensions of the main
block, the coordinates of the block center and the
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degree of its fragmentation. To better simulate
the shape of the body near its boundary, smaller
blocks can be used than the whole body.

In MINEFRAME, a block model was created
by placing mini-blocks inside a 4 % frame
model built in MineScape for interpolating P,Os
contents inside balance ores. The size of the
blocks reflects the geometry, parameters of the
ore deposit and takes into account the mining
and technical requirements of mining. The size
of the block model unit cells was dictated by the
distances between the mining horizons, the
density of the exploration network and the
overall block model dimensions.

Based on the main exploration operational
network of 50x50m, the block size of
10x10 m was used at the Apatit circus field.
The height of the block was taken to be equal to
the substage height — 20-25 m. Subblocking
(creating blocks with reduced dimensions at the
contacts of the ore bodies) is used to more
accurately calculate the ore volumes using the
model. The subunit size in MINEFRAME
18 5x5%x7.5 m.

To interpolate the values of the useful
component of the Apatite circus deposit two
methods of mathematical modeling were chosen:
the inverse distance method and kriging.

Inverse distance method

When using deterministic methods, it is
assumed that the analyzed data is described by a
certain deterministic function V" (x) defined on
the studied region (D), where x € D is the
coordinate of the point. The value at any point
can be calculated on the basis of the
interpolation function 7 (x), constructed on the
basis of the known data V; = V' (x;), measured at
the points xx; € D.

The inverse distance method is a common
method of the useful component content
estimating of at a point. It is based on taking
into account the distance from the cell to the
nearest exploration workings. The content of

the useful component in the estimated point is
calculated by the formula [38]

N . -
Zi:lcf d;"

TN om
Z i:ldi

where C; — is the content of the useful
component in the sample; d; — is the distance
from the estimated point to the sample; N —
is the number of samples; m — is the exponent
(in our case, m = 2 is the inverse square
distance method).

The contents of all samples that were
included in the 4 % ore body skeleton of the
Apatite circus deposit were interpolated into
a block model. The assessment of the
contents was carried out with composite
samples — the sampling intervals were
reduced to the same length, i.e. same
statistical weight [38—41]. A length of 3 m
was accepted as the most common sample
length in a field testing database.

Figure 3 shows the block model section
along the profile 9 + 00, in which the contents
interpolation was carried out by the inverse
distance method.

Fig. 3. Section of the ore body block model
(inverse distance method) of the Apatite circus
deposit along the profile 9 + 00, MINEFRAME

Kriging
The basic  geostatistical  estimation
procedure is kriging. Method, named by
J. Matheron after the geologist D.G. Krige,
who studied the distribution of gold in the
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South Africa deposits, gives the best effective
estimate of values at unknown points or
average values in blocks. There are several
types of kriging: simple, normal, cooperative,
indicator, universal, etc. To predict the
distribution of P,Os in the ore body of the
Apatite circus deposit, the most commonly
used method — ordinary kriging (hereafter
referred to as OK) was used [42—49].

The idea of J. Matheron i1s to present the

estimating function éOK in the simplest way —

in the form of a linear combination of values

&1’ %2’ ceeo ‘gn:
0K _ X
g :Z)\'iéi'
i=l
If the true value of & were known, then one
could give infinitely ~ many such

representations. This is the main advantage
and difference of the method from many other
approaches, in which the assessment of & is
carried out through complex physical
equations (diffusion, mass transfer, thermal
conductivity, etc.), more or less approaching
the actual process.

The problem is to choose the coefficients A;
in conditions of uncertainty so that the estimate
is effective. The latter involves two aspects:
unbiasedness and minimum evaluation its
dispersion [50-52].

The OK method takes into account not only
the component distribution anisotropy, but also
its statistical characteristics. When using the
process, each structural or statistical domain is
interpolated separately.

To determine the points (samples), when
calculating the contents in each block, a search
area 1s used, the parameters of which depend
on the ore body morphology and the variogram
model structure. In our case, the experimental
general  variogram  (Fig.4) is  well
approximated by the compositional model.
Nuggets effect is visible, i.e. a jump from 0 to
o° when & = 0, and two spherical patterns with

different angles of inclination. The parameters
of the general variogram model are: the effect
of the nuggets — 13.73; the threshold — 15.17-19.50;
zone of influence, m — 18.00-105.00.
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et s SheSS
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Fig. 4. General variogram of P,Os distribution within
the 4 % ore body of the Apatite circus deposit

The two main directions of the anisotropy in
the ore body deposits were detected by
variograms. The third direction is orthogonal to
the first two ones. The first main direction is
subparallel to the strike of the ore body. The
second is consistent with the fall of the ore
deposit. The revealed pattern is consistent with
the geological feature of the deposit - a zonal
structure (downwards) from rich ores to poor
ones. Variograms are shown in Fig. 5.

Y(h)
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243
27.03 I,:::"
21621

16.22
10.81 1
5411
0.00

: : : h, m
36 72 108 144 180 216 252 288 324 360 396 432 468 504 540 576 612 648

Fig. 5. Variograms in three anisotropy directions
of the Apatite circus deposit ore body

The variograms along the directions are also
three-structured, i.e. contain the nuggets effect
and two spherical models. Options variograms
are given in Table 1. The revealed anisotropy
refers to a geometric type — models differ in
zones of influence with equal thresholds (level
of dispersion) [50-52].
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Table 1

The parameters of the variogram model
in the three main anisotropy directions
of the Apatite circus deposit ore body

Direction Azimuth, Fall, Nugget Threshold Influence
degree degree effect zone, m
1 210 30 13.94 48.07 288.0
2 30 60 14.39 48.65 72.0
3 120 0 13.33 48.27 165.0

The obtained models allow us to justify the
parameters of the search ellipsoid for contents
interpolating into a block model.

The interpolation process was carried out
sequentially with an increase in the radius of the
search ellipsoid. If the block did not receive a
rating of the content, the search ellipse increased
until each block of the model received the
predicted content.

Figure 6 shows a section of the block
model along the profile 9 + 00, in which the
interpolation of the contents was carried out
using the ordinary kriging method.

Fig. 6. Section of the block model (ordinary
kriging method) of the Apatite circus deposit
ore body along the profile 9 + 00, MINEFRAME

Conclusions

The main features of the block models are
the possibility of interpolating the initial
geological survey data into each block of the
model. The block model reflects in detail the
features of the ore body internal structure,
regardless of the interpolation method used.

Table 2 presents a comparison of the
average contents obtained as a result of

interpolation using by ordinary kriging and
inverse distances methods. Different methods
of interpolation of contents in the block model
give similar values, it indicates that selected
data are correct.

Table 2

Comparison of the inverse distances interpolation
methods and conventional kriging

Model MINEFRAME
Indicator inverse distance ordinary
method kriging
Ore, thousand tons 105 081 393.33 105 081 397.25
P,0s, % 15.22 14.51

The inverse distance method has known
drawbacks, since the interpolation is carried
out without taking into account the spatial
statistical regularities of the useful components
distribution; also the source data density has a
significant effect on the results. Since the
Apatite Circus field has areas with the
different exploration network density, it is
advisable when applying the inverse distance
method to select parameters for each section,
which increases the simulation time.

Ordinary kriging has the following
advantages as compared with the inverse
distance method: before interpolating the
contents, the statistical parameters of the
useful components distribution are studied,
which makes it possible to more fully reveal
both the anisotropy parameters and the
dependence of the change in the contents on
the distance between the sampling points; In
the calculations using the reverse kriging
method, errors caused by the uneven density of
the original data are significantly reduced.
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