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 The subject of research is an influence pattern of quasioptimal quick acting movement control of lifting cranes with a load
flexible suspension on dynamic movement characteristics. The purpose of the work lies in the synthesis of quasioptimal
crane movement control when its accelerating with the elimination of load fluctuations, as well as in the study of the crane 
movement dynamics at the quasioptimal control. 
The paper proposed to switch from an optimal control of crane movements to control, which is described by a continuous
function. In order to achieve specified final conditions of movement by the system “crane-load” an algebraic system of 
transcendental equations was composed, which was leaded to the target of minimizing the complex function of three
arguments. By using the particle swarm method points in time were found at which there was a change in the control 
character (the driving force of the crane actuator). Simulation of crane movements at quasioptimal control made it possible
to find its basic dynamic characteristics during acceleration. Comparative analysis of the data showed a significant 
reduction of dynamic loads in the crane elements. The transitional regime duration of the crane movement in comparison
with the optimal control increases slightly. Thus, by increasing the duration of the crane`s non-essential movement cycle 
(for tens of seconds) an increase in the durability of the crane steel structures, mechanical gears, motor, power inverter, and 
other elements is achieved. 
The obtained results should be used for the development and modernization of movement control systems for lifting equipment, 
which require a significant productivity, energy efficiency and durability (for example, cranes that are extensively exploited in 
ports, metallurgical and machine-building enterprises, construction sites, warehouses). 

Ключевые слова: 
грузоподъемный кран, 
квазиоптимальное управление, 
принцип максимума, колебания 
груза, динамические нагрузки, 
метод роя частиц, 
математическая модель, 
трансцендентные уравнения. 

 Предметом исследования являются закономерности влияния квазиоптимального по быстродействию управления
движением грузоподъемного крана с гибким подвесом груза на динамические характеристики движения. Цель
работы заключается в синтезе квазиоптимального управления движением крана при его разгоне с устранением 
колебаний груза, а также в исследовании динамики движения крана при квазиоптимальном управлении.  
В работе предложено перейти от оптимального по быстродействию управления движением крана к управлению,
которое описывается с помощью непрерывной функции. Для обеспечения достижения системой «кран–груз» 
заданных конечных условий движения была составлена система алгебраических трансцендентных уравнений,
которую удалось привести к задаче минимизации сложной функции трех аргументов. В результате использования 
метода роя частиц были найдены моменты времени, в которых происходит изменение знака управления
(движущего усилия привода крана). Моделирование движения крана при квазиоптимальном управлении дало
возможность найти его основные динамические характеристики при разгоне. Сравнительный анализ полученных 
данных показал значительное уменьшение динамических нагрузок в элементах крана. При этом длительность
переходного режима движения крана в сравнении с оптимальным по быстродействию управлением увеличивается 
незначительно. Таким образом, путем несущественного увеличения длительности цикла передвижения крана (на
десятки долей секунды) достигается увеличение долговечности крановой металлоконструкции, механических
передач, двигателя, силового инвертора и других элементов.  
Полученные результаты целесообразно использовать для разработки и модернизации систем управления движением
грузоподъемных машин, к которым предъявляются требования значительной производительности работы,
энергетической эффективности и долговечности (например, для кранов, которые интенсивно эксплуатируются в 
портах, на металлургических и машиностроительных предприятиях, строительных площадках, складах).
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Introduction 

Many lifting cranes operate in conditions of intense 
cargo flows. For instance, such are the conditions for 
portal gantries. In this case it is desirable to reduce the 
cargo movement cycle duration. Therefore it is 
reasonable to use an optimally quick crane movement 
control system which is known to have a relay 
characteristic [1–7]. This causes additional dynamic 
loads and, as a result, reduces reliability of the lifting 
machine [8]. To reduce the dynamic strain and not 
jeopardize the crane performance it is required to 
perform synthesis of crane movement quasioptimal 
control. 

Relevant study  
and published research analysis 

In order to identify optimal time of control for the 
motion of crane with cargo on a flexible suspension it 
is common to use the maximum principle [1–11], 
which, however, provides only quantitative 
information on the type of control function. To 
identify points of time for switching the controlling 
action (transition from maximal to minimal control), 
R.P. Gerasimiak [1] and his successors [2–4]  
solve sets of transcendental algebraic equations.  
O.V. Grigorov [5], on top of that, takes into account 
the limitations related with crane speed and 
acceleration, as well as the loaded rope deviation from 
vertical. In order to define the control switching 
points, study [5] provides the analysis of phase 
trajectories describing the oscillating movement of 
load on a flexible suspension. 

Study [12] researches the dynamic loads 
occurring in elastic elements of the pillar crane 
turning mechanism in the course of a time optimal 
acceleration of the system. Based on the conducted 
research, it is proposed to change the controlling 
function (actuating moment) exponentially; the 
influence of the exponent time constant on the 
dynamic response factor of the machine. This 
approach allows to significantly reduce the dynamic 
stress of crane mechanisms. 

The majority of international researchers dealing 
with problems of lifting cranes movement optimal 
control synthesis use linear quadratic regulator 
synthesis methods [13–21]. The essence of this 
approach is that the “crane-load” system is presented as 
an object of regulation, whereby it is required to 
achieve absence of load oscillation relative to the 
suspension point. The research allowed formulating 

optimal regulation laws for the crane mechanism 
motion. Applying these laws it is possible to eliminate 
load  oscillations on the flexible suspension taking into 
account the actual oscillation phase and minimize 
undesirable characteristics of the system’s movement 
presented as integral-type functionals with subintegral 
quadratic functions. 

The reviewed studies lack the solution of the 
problem of optimal program control synthesis, 
whereby it is possible to achieve significant time 
efficiency of the “crane-load” system with 
simultaneous reduction of dynamic loads in crane 
elements. This problem is solved by the current 
research. 

Research objective and tasks definition 

The research objective is synthesis and study of 
time quasioptimal movement control of a crane 
with load  on flexible suspension. In order to 
achieve this goal, following tasks have to be 
solved: 1) perform synthesis of time quasioptimal 
movement control of a crane with load  on flexible 
suspension; 2) study the movement dynamics 
of crane with load on flexible suspension  
in the course of time quasioptimal control 
implementation. 

Synthesis and study of time quasioptimal 
movement control of a crane with load  on 

flexible suspension 

1. Synthesis of time quasioptimal movement 
control of a crane with load on flexible  
suspension 

In order to conduct the research, first let us 
assume the dual-mass dynamic crane model with 
load on flexible suspension depicted in Figure 1. 

 

 
Figure 1. Dynamic dual-mass model  

of “crane-load” system 

High frequency oscillation of the crane steel 
structure and its actuators do not impact the low 
frequency oscillations of the load on flexible 
suspension. Therefor the model depicted in Figure 1 
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is rather often used for the crane dynamic 
calculations [22, 23]. 

Dynamic model shown in Figure 1 is described 
by the system of differential equations 

                  
1 1 2 2 1

2 2 1

;

( ) 0,

m x m x F Wsignx

g
x x х

l

  



  

  


            (1) 

where m1 – forward motion reduced weight of the 
crane and its actuator; m2 – load weight; x1, x2 – 
center of mass coordinates for crane and load, 
respectively; F – tractive or breaking force applied 
to the crane; W – reduced crane movement 
resistance force; g –acceleration of gravity; l – 
flexible suspension length. Let us assume that 
during crane accelerating or braking movement its 
speed does not reverse sign, i.e. 1 1signx  . 

For further consideration, let us assume 
optimal crane movement control as defined in [1, 
3, 5, 6, 8, 10]: 
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where 1t , 2t , 3t  – duration of the first, second and 
third stages of crane acceleration, respectively, in 
case of optimal control; Fmax – maximum actuating 
force applied to the crane (in this research the 
assumption is symmetry of control limit values, i.e. 
maximum control is equal to minimum control 
with opposite sign). “Crane-load” system control 
implies that control function (1) has discontinuities – 
step-like transitions from maximum to minimum 
and vice versa. This feature results in stress of the 
crane elements (shafts, unions, steel structure) and 
increased power consumption. To reduce the 
undesirable effects that occur with time optimal 
control, it is modified [12], i.e. the system is 
switched to quasioptimal control. However this 
does not eliminate soft impacts in mechanical 
gears, resulting in significant dynamic stress of the 
crane elements. Obviously to decrease the dynamic 
forces it is required to use a more smooth function 
to control crane movement. To this end, the time 
optimal control movement function Fopt for crane 
with load on flexible suspension shall be modified, 
i.e. switched to a continuous function which 
describes time quasioptimal control of the “crane-
load” system: 
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where t1, t2, t3 – duration of the first, second and third 
stages of crane acceleration, respectively, in case of 
quasioptimal control; Δt – duration of transition from 
maximum value Fmax to zero, which may vary 
depending on the requirements to smoothness of 
control change: when function *

optF  smoothness of 

changing increases, Δt increases as well. 
Let us describe some of the mathematical 

properties of the function (3) that influence the 
dynamics of the system movement. It is worth 
mentioning that function (3) affords absolute 
minimums to several integral and terminal 
functionals: 
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The above functions (4) signify smooth change of 
force in case of quasioptimal control implementation 
for movement of crane with load on flexible 
suspension, reducing the dynamic stress in the crane 
elements. 

  (3)
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Optimal crane motion control should eliminate crane 
oscillations at the point of time when it reaches the rated 
speed. In order to achieve this goal, the following 
conditions have to be true: 

            1 1 2 3

2 1 2 3 2 1 2 3

( ) ;

( ) ( ) 0,

  
      


 

ratх t t t v

x t t t x t t t
          (5) 

where vrat – rated speed of crane movement with 
load at the end of acceleration. To find the crane 
movement speed, as well as acceleration and load 
drawing shock at the point of time t1 + t2 + t3 it is 
required to integrate the system of differential 
equations (1) 9 times for each “piece” of function 

*
optF . At that, the initial conditions of the first stage 

of “crane-load” system movement corresponding 
to the first “piece” of *

optF  function are assumed to 

be equal to zero (movement of “crane-load” 
system from standstill condition is considered). 
Generally for all stages of acceleration of the 
dynamic system “crane-load” the initial conditions 
of masses movements for the current stage are the 
final condition for the masses movement on the 
previous stage. The described calculations are 
omitted since they are too voluminous for this 
paper. As a result, the expressions of crane 
movement speed were obtained, as well as 
acceleration and load drawing shock at time point 
t1 + t2 + t3, and the set of equations was formulated 
(5). Thus, having found the unknown quantities t1, 
t2 and t3 out of the set of transcendent equations 
(5), it is possible to eliminate load oscillations in 
the end of the crane acceleration.  

The analytical solution of equation set (5) is 
problematic. Therefore, the following function was 
determined: 

                
 2

1 1 2 3

2 2
2 1 2 3 2 1 2 3

( )
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ratf х t t t v

x t t t x t t t
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In order to find values of t1, t2 and t3, at which 
function (6) achieves its absolute minimum, 
particle swarm method was used [24]. Its selection 
can be explained by the simplicity of 
algorithmization (which is especially important in 
practical implementation of the formulated 
quasioptimal control) and insensitivity to local 
extremums of the studied function f. To solve the 
equation set, 6 particles were used. The solution 
was found in 10 iterations. 

To illustrate the found time quasioptimal 
control for movement of crane with load on 
flexible suspension, Figure 2 shows graphic 
dependencies. 

In Figure 2, grey curves correspond to the known 
control described by function (2), while the black 
curves correspond to the time quasioptimal control (3). 
Movement force in Figure 2, а is presented in relative 
units received by way of dividing the values Fорt and 

*
optF  by Fmax. All curves are built for the following 

values: l = 10 m, m1 = 100 t; m2 = 50 t; Fmax =  
= 100 kN; vrat = 1.2 m/s; Δt = 0.2 s. 

Analysis of curves displayed in Figure 2 shows that 
crane movement quasioptimal control (3) is a smooth 
function without discontinuity of the first and second 
kind. The load oscillation amplitude is virtually equal in 
both cases. (see Figure 2, b). In order to establish the 
advantages of the found quasioptimal control *

optF  over 

the known Fорt let us perform a thorough analysis of the 
crane movement dynamics. 

 
Figure 2. Crane movement dynamics curves at 

acceleration: а – moving force and crane speed; b – phase 
portrait of load oscillation on flexible suspension 

 
2. Crane dynamics analysis at quasioptimal 

movement control. 
Let us estimate the influence of quasioptimal 

control on the movement dynamics of the crane 
with load on flexible suspension. To do that, let us 
consider a more detailed dynamic model of the 
crane with load on flexible suspension, which 
takes into account the elastic oscillations of the 
crane span structure (Figure 3). 

 
Figure 3. Dynamic three-mass model  

of “crane-load” system 
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Figure 3 introduces the following designations: с – 
reduced value of crane beams transversal elasticity; 
 b – reduced value of crane beams transversal 
dissipation factor; m0, m1, m2 – forward motion 
reduced weights of the crane, crane carriage and load, 
respectively; x0, x1, x2 – generalized coordinates of the 
respective weights. The rest of the designations are 
analogous to those established in Figure 1. The 
dynamic model shown in Figure 3 allows estimating 
the dynamic stress of crane steel structure and 
establish the nature of high frequency oscillation 
processes in the crane beam. Movement of the 
dynamic model shown in Figure 3 is descried by a set 
of differential equations 

0 0 0 1 0 1 0

1 1 2 1 2 0 1 0 1

2 2 1

( ) ( ) ;

( ) ( ) ( );

( ) 0.

m x c x x b x x F Wsignx

g
m x m x х c x x b x x

l
g

x x х
l


      

      



  

   

  



 (7) 

One of the properties of the found quasioptimal 
control of crane movement with load on flexible 
suspension is that when Δt increases, the time of 
transitional processes increases too. Let us estimate the 
corresponding changes of dynamic stress of the crane 
beam. To do this, let us introduce a multiplicity index 
for maximum force in the crane beam: 

                               max,

max,  

,
optimal

beam

quasioptimal
beam

F
k

F
                        (8) 

where max, 
optimal

beamF  и max, 
quasioptimal

beamF  – values of maximum 
forces in the beam at optimal Fорt and quasioptimal 

*
optF  control, respectively. Moreover, we are going 

to use the integral estimation index: 
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F dt
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where max, 
optimal

beamF  и max, 
quasioptimal

beamF  – functions describing 
the change of force in the crane beam at optimal 
Fорt and quasioptimal *

optF  control, respectively. 
To assess the incremental acceleration time for 

quasioptimal control let us introduce an index 

               1 2 3 1 2( ).Т t t t t t t                        (10) 

Terminal index (8) allows estimating the 
correlation between maximum forces in the crane 
beam for different types of control of its 

movement. The correlation between root mean 
squares for them time of crane acceleration at 
different types of movement control is estimated 
with the use of index (9). 

Figure 4 shows dependency graphs for indexes k, 
I and ΔТ on value of Δt, received by modeling of 
crane movement with load on flexible suspension at 
optimal Fорt and quasioptimal *

optF  control. 

 
Figure 4. Dependency graphs for indexes  

k ( ), І ( ) и ΔТ ( ) on Δt value 

The analysis of the received graphic dependencies 
allows making a conclusion: a significant decrease of 
dynamic stress in the crane steel structure can be 
achieved even with minor Δt values. The calculations 
of k, І and ΔТ indexes are provided for maximum Δt 
value = 0.35 s. A higher value will disagree with 
quasioptimal mode of the crane motion. Thus, the crane 
acceleration has to be performed at maximum Δt value, 
which will allow to significantly decrease the crane 
dynamic stress and increase its service life. 

The formulation of algorithms for maximum Δt 
value calculation at which quasioptimal control of the 
crane movement is still possible is anticipated in 
subsequent studies. Besides, the energy indicators of 
crane movement in case of quasioptimal control are 
still to be researched. 

Summary 

This paper provides a synthesis of time 
quasioptimal law of movement control for crane 
with load on flexible suspension, allowing to 
reduce the dynamic stress carried by the crane steel 
structure by 2.9–3.5 times. At that, the crane 
acceleration (or breaking) time increases only by 
0.24 s. Besides, the implementation of the found 
crane movement control is not problematic in 
terms of actuating, since the quasioptimal law is 
described by a continuous function of time. 

The obtained results are recommended for use in the 
development of new and retrofit of the existing systems 
for heavy duty span-type cranes movement control. 
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