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C noMoLLbl0 KOHEYHO-3MTEMEHTHOrO MOAENUPOBAHUS BbIMUCMEHBbI KOSMMDULMEHTLI MHOTO-
napamMeTpuyecKoro acMMNTOTUYECKOro pasnoxeHns M. Yunbsmca nons HanpshkeHWn y BepLuun-
Hbl TPELUMHBI B YNPYror NnacTUHe C LieHTPasibHOW TPELLMHON B Nosie OJHOOCHOIO PacTsKeHUs u
B YNPYrom MonyAaucke C BepTUKanbHbIM HaApesoM AN WUCMbITaHWA Ha TPEXTOYeYHbIn usrub.
B mHorodpyHKumoHansHoM nakete Simulia Abaqus BbINOMHEH KOHEYHO-3MEMEHTHbI aHanu3
Harpy>xeHusi NNacTuHbl C LEHTPanbHOW TPELLMHOW, aHanormyHom UCMonb30BaHHOW B HATYypPHOM
akcnepvmeHTe. C NOMOLLbIO PacCYUTaHHOTO HanpsPKeHHO-AeOPMMPOBAHHOIO COCTOSIHWS onpe-
AeneHbl K03 MULMEHTLI MHOroNapameTpUYeckoro acMMNTOTUYECKOro pasnoxeHns M. Yunbsm-
ca, B KOTOPOM YAepXaHbl NATHaguaTb criaraeMbiX. Takum obpasom, 13 KOHEeYHO-3MEMEHTHOro
pelleHnst u3BneyeHbl KoaPMULNEHTbI BbICLUIMX NPUBNKEHWUI MHOronapaMeTpuyeckoro acum-
NTOTMYECKOro pasnoxeHus. MpegnaraemMbin B HacTosLLEN cTaTbe anroputM Gbin NpoTecTUpoBaH
Ha MnacTvHe C LeHTpanbHOW TPEeLUWHOW, AIMHA KOTOPOW MHOTO MeHbLUe, YeM AfUHA CTOPOHbI
NMacTUHbl, ANA CPABHEHWS C U3BECTHLIM aHaNUTUYECKUM peLleHnem Ans 6ecKoHeYHoN nnacTu-
Hbl C TPELLMHON, MOCTPOEHHBLIM C MOMOLLIbIO METOAOB TEOPUN (PYHKLIMM KOMMIIEKCHOTO NepeMeH-
HOro, KOTOpOe MO3BONSIET OTbICKaTb BCEe KOI(DMULIMEHTbI BICLLUMX NMPUOIMKEHUA acuMnToTuye-
CKOro pasnoXeHns nomns HanpsbkeHuin. [loka3aHo, 4To paspaboTaHHbI anropuTM NO3BONSET
HalTn K03 DULMEHTLI aCUMNTOTUHECKOTO Pa3NOXEHNsA C BbICOKON TOYHOCTbLIO, BKIOYas Koad-
dVLMEHTBI BbICLLUMX NpubnvKkeHni. Hapsgy ¢ nnacTuHOW € LeHTparbHOW TPELUMHON NpoBeaeH
KOHEYHO-3NIEMEHTHbIV aHanu3 Nons HanpsXeHU B MOMyKPYriioM AUCKE C BEPTMKanbHbIM Hagpe-
30M, ANS KOTOPOro Takke BOCCTaHOBMEHb! KO3(MMULMEHTBI MHOrOMapaMeTpUYeckoro acuMmnTo-
Tnyeckoro pasnoxeHuss M. Yunbsamca, B KOTOPOM yaepxKaHbl NepBble NATHaALATb CraraeMbix.
MprBeaeHo cpaBHeHWe kO3ULMEHTOB pasnoxeHus M. Yunbsimca, Nony4eHHbIX C NOMOLLbIO
mMeToda uudpoBoin dotoynpyroctn n n3 MK3-aHanusa, cBUOETENbLCTBYIOLEE O XOPOLLUEM COB-
nageHuv pesynbTaTos.
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In this study coefficients of the multi-parameter Williams power series expansion for the
stress field in the vicinity of the central crack in the rectangular plate and in the semi-circular
notched disk under bending are obtained by the use of the finite element analysis. In SIMULIA
Abaqus, the finite element analysis software, the numerical solutions for these two cracked ge-
ometries are found. The rectangular plate with the central crack has the geometry similar to the
geometry used in the digital photoelasticity. Numerical simulations of the same cracked specimen
as in the experimental photoelasticity method are performed. The numerical solutions obtained
are utilized for the determination of the coefficients of the Williams series expansion. The higher-
order coefficients are extracted from the finite element method calculations implemented in
Simulia Abaqus software package and the outcomes are compared to experimental values. De-
termination of the coefficients of the terms of this series is performed using the least squares-
based regression technigue known as the over-deterministic method, for which stresses data
obtained numerically in SIMULIA Abaqus software are taken as inputs. The plate with a small
central crack has been considered either. This kind of the cracked specimen has been utilized for
comparison of coefficients of the Williams series expansion obtained from the finite element anal-
ysis with the coefficients known from the theoretical solution based on the complex variable theo-
ry in plane elasticity. It is shown that the coefficients of the Williams series expansion match with
good accuracy. The higher-order terms in the Williams series expansion for the semi-circular

notch disk are found.

© PNRPU

BBeneHune

Hapsny ¢ skcnepuMeHTanbHBIMH METOJaMHU MOCTpoe-
HUS MHOTONapaMeTPpU4ecKoro pasnoxeHus M. Yunbsamca
y BEpILIMHBI TPEIIMHBI B HacTOsIIee BpeMs KO (DUIINEHTHI
ACUMITOTHYECKOTO PA3JIOKEHUS HAXOIAT C IIOMOIIBIO
BBIYHCIIATEIBHOIO SKCIIEPUMEHTA B MPOTPAMMHBIX KOMILIEK-
cax, peajM3yIIIMX METOJ KOHEYHBIX dyeMeHToB [1-14].
B nanubIX paboTax HpeIoKeHbl pa3iIHYHBIE CXEMBI pac-
yeTa, HalleJIEHHbIE Ha M3BICYEHHE MapaMETPOB paspylie-
HUS U3 KOHEYHO-3JIEMEHTHOro aHamumsa. Cregyer 3ame-
TUTh, YTO B OOJILIIMHCTBE PabOT ONpENeNsIoTCs MepBble
JBa K03 HUIMEHTa MHOTONapaMeTPUIECKOTO Pa3IokKeHHUs
M. Yunesamca, a UIMEHHO — KO3((GHUINEHTH WHTCHCUBHO-
cTi HampspkeHud u T-Hampspkenue. OmnpexneneHue Kod3¢-
(UIMEeHTOB BBICHINX NPHUOIMKEHUH BBI3BIBAET MaTeMaTH-
YECKHE CIOXKHOCTU U HMEIOTCS OTAEIbHBIE PE3yNIbTaThl
[8-11] anst psima koHbUrypalmii Teix ¢ TpEUIMHAMY U Hal-
pe3aMu.

B Hacrosdmiell craTbe ¢ MOMOIIBIO KOHEYHO-JIEMEHTHOTO
MOJICJIUPOBAHUS BBIYMCIEHB KOI(QHUIMEHTH MHOTroIapa-
METPUYECKOT0 ACUMITOTHYECKOTO paszyioxeHuss M. Yuib-
sMca TIOJIST HaNPsDKEHUH y BEPIIMHBI TPEUIMHbI B IIACTHHE
C LIEHTPAIbHOM TPEIIMHON U y BEpIIUHBI Haape3a B KPyro-
BOM TIOJTyINCKE, TIPeIHA3HAYEHHOM Ha MCIIBITAaHUE Ha TPEeX-
ToueuHBIH M3rub. B paznoxenun M. YuipsMca yaepiKaHBI
BBICIIME NPUOMIKEHHs (MATHAAUATH CllaraéMblx), YTO MO-
3BoJisieT 1) nath Gosiee TOUYHYIO OLIEHKY KOMIIOHEHT TEH30-

POB HamNpsDKCHHH, AeopMaliii ¥ BEKTOpa MepeMEIIeHHH;
2) pacmHpuTh 001aCTh JOMHUHUPOBAHHS ACUMIITOTHYECKOTO
npeacTaBieHus M. YunbsaMmca.

1. Mpo6nema onpegeneHns koadcpnumneHToB
MHoOronapameTpuM4eckoro acCMMnToTU4eCcKoro
pasnoxeHua M. Yunbsimca

[enpl0 HACTOSAMIETO MCCNENOBAHUS SABIAECTCS YHMCIICH-
HOe orpezenenne ko3 UImeHToB MHOronapaMeTpuIecKo-
ro acUMITOTHYECKOro pasnoxkeHus M. VYunpamca nons
HaIPSHKEHUN y BEPIIUHBI TPEILHHBIL:

G r8)=3 XAt Ge, @y

m=1k=—o0

rae MHIACKC M IpPUHHUMACT 3HAYCHHE, PAaBHOEC 1 U1 HOp-

MAaJIbHOT'O OTpPbIBa, U PABHOC 2 — JJIA TIONIEPEYHOI0 CABUTA,
m

a
IIMe BIMSHUE T€OMETPHH 00paslia M CHCTEMBI NPHIOKEH-
f k)

m,ij

— aMIUIMTYJHBIC, MaciiTaOHbIe MHOXUTECJIA, OTpa)Karo-

HBIX HArpy30K; (6) — yrnoBsle pacnpeneneHus KOMIIO-

HEHT TeH30pa HanpspkeHuit [15, 16]. YHuBepcanbHbie yrio-

BBIE  PACIIPEIECICHUS fngku) (6)

XOpOIIO W3BECTHBI U3
peleHns KpaeBbIX 3a/a4 U npuBeaeHsl B [15, 16].

Kak ormeuanock B mepBoil 4acTu pabOTHI, BCE pa3HO-
obpasue 3a7a4 o TpelMHAX NPOSIBISETCS B MaclITaOHBIX,

AMIUTATYTHBIX MHOXHUTEIAX alin’ 3aBHCAININUX OT KOH(i)I/IFy-
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pammu obpasna ¥ KOMOWHAIINH TPWIOKEHHBIX Harpy3ok.
B HacTosiee BpeMs CIOXKHIOCH UYETKOE IpeICTaBIICHHE
0 HEOOXOANMOCTH yAEp’KaHMS BBICIIMX NPUOIIKCHUH
B acCHMIITOTHYeCKOM pasnoxenuu (1.1). B memom psane pa-
6ot [17-29] moka3aHo, YTO yACp)KaHUE BBHICHIAX TPHOIH-
JKeHUH B aCHUMITOTHYECKOM pasnokeHuun M. VYunpsmca
MO3BOJIET PACIINPHUTH 00IaCTh ACHCTBHS aCUMIITOTHYECKO-
ro pasnoxenus. [loaTtoMy B mocneaHee BpeMs MOSBISIOTCS
paboThI, B KOTOPBIX aBTOPHI TBITAIOTCS ONPEAEIUTh Kodddu-
IUEHTH PA3JIOKEHUSI B 3aMKHYTOH ()OpME, HCIIONB3YS H3-
BECTHBIC TeopeThdeckue pemenus [15-22]. Tak, nust 6ecko-
HEYHOH MJIaCTUHBI C LIEHTPaNbHOMN TpeluHoH B [15] BrepBble
HaleHbl aHATMTHYECKUE BBIPAXKEHMS U1 BceX KO3 HIu-
€HTOB aCHMITOTHYECKOTO pasnoxeHus M. YupsamMca:
— JUIsl TPELIMHBI HOPMAJILHOT'O OTpPhIBA

(2n)!oy,
(nHh?(2n-1)a" ¥’ (1.2)
aé =-0,, 14, a;k =0

— DOMEPEIYHOTO CABUTA

a;ml = (_1)n+l gen+ir2

2n)!tcy,
(nH*(2n-1)a

a22n+l = (_1)n+1 Q312 n-1/2 azzk =0. (1.3)

Lenbro HacTosIIIEH PaOOTHI SABISETCS YUCICHHOE OIpe-
JIeNIeHne aMIUTUTYAHBIX K03((GHINEHTOB MHOIOIIApaMeTpH-
YECKOr0 aCUMITOTHYECKOTO pazinoxenus M. Yubsamca ais
NPSIMOYTOJIbHOM IUIACTUHBI C LEHTPaJbHOW TPELIMHOM.
®dopmyset (1.2) OyayT UCTIONB30BaHBI HIDKE JUIsl BepUpHKa-
LUK pe3yJbTaTOB W3BJICUECHUS MAclITAOHBIX MHOXHTENEH
U3 KOHEYHO-dJIeMeHTHoro aHamm3a. CootHomeHus (1.2)
OyIyT CIIy>)KUTh HayaJIbHBIM IPUOMIKEHUEM Uil OIpese-
nerus kodhduiuento pasznnoxeHust (1.1) s TUIACTHHBI
KOHEYHBIX pa3sMepoB C IOMOIIBIO MPOLEAYPhl MHHUMH3A-
ouH QyHKIFOHATA.

2. U3BneyeHne napamMeTpoB MEeXaHUKU
pa3pyLeHns N3 KOHeYHO-3NIEMEHTHOrO
3KCNepuMeHTa: BOCCTaHOBMEHne
acuMnToTnyeckoro pasnoxeHus M. Yunbsaimca
M3 KOHEYHO-3JIEMEHTHbIX BbIYUCIEHUN

2.1. OcoBGEHHOCTU KOHEYHO-3MEMEHTHOTO
aKcnepumeHTa

C 11enbI0 MPOBEPKH PE3YJILTATOB 00PabOTKH 3KCIEPH-
MEHTAJbHBIX JaHHBIX, MOJYYCHHBIX C MOMOIIBI0 METOIa
¢doroynpyroctu, OblIa MPOBEJICHA CEPUST KOHEYHO-3JICMEHT-
HBIX BBIYMCIIEHHH B TporpaMMHoM Komiuiekce Simulia
Abaqus. BerumcnuTtenbHblii 3KCIEPUMEHT ObLT MPOBECH
JUT BOCCTAHOBJICHHUS K03((HUIIEHTOB MHOTOMIapaMeTprye-
CKOTO aCHMITOTHYECKOTO PAa3I0KEHHUS MO HaIpsDKSHHH
B OKPECTHOCTH BEPIIMHBI TPEIIUHBI B M30TPOITHOM JIMHEH-
HOH ynpyrom marepuaine (1.1). it npoBeneHust BEIYHCIIE-
HU#l ObllIa UCTIOJIb30BaHA IUIACTHHA BBICOTOH 40 cM W mIu-
puHoii 20 CcM C UEHTpadbHOW TPEIHMHOW aIuHOW 1 cMm
B YCJIOBUAX OJHOOCHOTO pacTspkeHus. CleqyeT OTMETHTH,
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YTO TAKOE COOTHOIICHHE TI'€OMETPHUYECKHX I1apaMETpOB
IUIACTUHBI OBUIO BBIOPAHO VISl MOCJEAYIOIIEr0 CPaBHEHUS
KO3(QQHUINESHTOB MHOTONAPAMETPHUYECKOTO  PA3IIOKEHHS
M. VunbpsaMca, noay4aeMbIX W3 KOHEYHO-3JIIEMEHTHOIO pe-
meHus, ¢ KodpduuueHtaMu pasznoxeHus M. Yunbsamca,
W3BECTHBIMH M3 HMEIOIIErocs aHAIUTUYECKOTO PELICHUs
3amaun (1.2) u (1.3). Mogyns FOHTa 11 K03pPunment Ilyac-
COHa Marepuala IUIACTUHBI B CEPHU BBIYMCICHUH moara-
much paBHbIMH 2350 MIla u 0,35 cooTBercTBeHHO. B pam-
KaxX KOHEYHO-3JIEMEHTHOTO 3KCICPHUMEHTa AJISI MOJEIHPO-
BaHMS OKPECTHOCTH BEPIIMHBI TPEIIMHBI M CHHTYJISAPHOCTH
TOJIS. HANIPSDKEHNH OBLIM UCTIOJIB30BaHBI METOJ] KOHTYPHOTO
MHTETpaJa U CHHTYISPHBIC KOHEUHBIE 3IEMEHTHI. B kauecT-
Be 0a30BOr0 KOHEYHOTO 3JIEMEHTA HCIIOJIB30BAJICS BOCHMH-
y3JI0BO# OMKBajpaTHbIH KoHeuHbIH 31emeHT CPE8R. O6-
IIee KOJMYECTBO KOHEYHBIX AJIEMEHTOB BapbUPOBAIOCH OT
12 000 mo 44 320 snemenTtoB. J{Jst MOCTPOCHHS JCTANIBHOMN
CETKH BBIOPAHO JOCTATOYHO MEJKOE pa3OueHe, COCTOSIIee
u3 72 CeKTOpOB, pacTBOP KaKJOI0 CEKTOpa paBeH 5 rpaay-
caMm. BHyTpH KpyroBodl o0IacTu MMEIOTCS 75 KOHICHTPH-
YECKUX OKpYKHOCTed. THUIHUYHOE KOHEYHO-3JIEMEHTHOE
pa3OueHue BOIM3M TPEIIMHBI IOKA3aHO Ha pHC. 1.

Puc. 1. TunudHas KOHEYHO-2JIEMEHTHAS CETKa BOJIM3H ABYX
BEPIINH TPELIVH B IJIACTHHE C [IEHTPAJIBLHON TPEIINHOM

Fig. 1. Typical mesh containing singular elements
near the crack tips

Crenyer Takke OTMETHTb, YTO NPOBEICHHUE BBIYMCIH-
TENBHOTO AKCIEPHMEHTa Ul JJAHHOTO THIIAa TEOMETPUH 00-
pasla CBA3aHO TAaKXKE C UMEIOIMMUCS MHOTOYHCICHHBIMU
OIIEHKaMHU KO3 (GHUIIMEHTOB HHTCHCHUBHOCTH HAIPSDKCHHUIMA
[30-33]. Hapsimy ¢ aBTOMaTM4ecKUM BBIYUCICHHEM KO3(-
(DULIMEHTOB MHTCHCUBHOCTH HAINPSHKEHHH, MHOIO(YHKLIHO-
HalbHBIM Kommieke Simulia Abaqus maer BO3MOXHOCTH
BBIYHCIIHTH TaKkxe T-HANPSHKEHHs B OKPECTHOCTH BEPIINHBI
TpemuHbl. OTHAKO MHOTOYUCIICHHBIE HCCIICI0OBaHMS BKIIa1a
BBICIIMX NPHUOIIIDKEHUH B aCHMITOTHYECKOE Pa3JioKCHUE
M. Vusesmca [15-29] mokaszanu HEOGXOIUMOCTE yIepiKa-
HHS U CJICAYIOUINX peryispHbix cnaraembix B (1.1). Takum
00pa3oM, OCHOBHOW LEJIbIO JTAaHHOW YacTH HCCIIEIO0BaHUS
SIBJIsIETCS M3BJIeueHHe Ko3(D(UIIMEHTOB aCHMITOTHYECKOTO
pa3iioxKEeHUsI U3 KOHEYHO-AJIEMEHTHBIX pacueToB. Pe3ynbra-
Thl KOHEYHO-3JIEMEHTHBIX BBIYMCICHUN MPUBEJCHB Ha
puc. 2-16. Ha puc. 2, 3 npeacraBieHbl MOJYyYCHHBIC Pac-
npejieNieHlss UHTEeHCUBHOCTH HANPSDKEHUH W HOpPMalbHbIE
KOMITOHEHTBI TeH30pa HanpspkeHuid. Ha puc. 4-16 moxasa-
HBI CPaBHEHHS aHAJUTHYECKOIO PELICHHs 3aJadud sl pac-
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TATHBaeMOW OECKOHEYHOW IUTACTHHBEI C LEHTPaJBHON Tpe-
LIMHOI U KOHEUHO-3JIEMEHTHOE peEIlEHHE, a TAKKEe aHallU-
THYECKHE PEIICHHS, TOCTPOSHHBIE C MOMOIIBIO PA3INIHOTO
KOJIMYECTBA YICP)KUBAEMBIX CIIAara€MbIX B aCHMIITOTHYE-
CKOM pELICHHU.

Puc. 2. Pacnipeznenenre HHTEHCUBHOCTH HANPSDKEHHUH B OKPECTHOCTH
BEpIIUHBl TPEIIMHBI MalOil JUIMHBI [0 CPAaBHEHUIO C IIUPUHOU
IUIACTHHBI (KOHEYHO-3JIEMEHTHOE PEIICHUE)

Fig. 2. Distribution of the von Mises equivalent stress
in the vicinity of the right crack tip

Puc.3. PacnipeienieHre KOMIIOHEHT TEH30pa HAPSHKEHUN G,

U G,, Y BEPIIHHBI TPELUIUHBI

Fig. 3. Distribution of the stress components c,, and o,,
in the vicinity of the crack tip

Ha puc. 4, 5 npuBeeHsl pacnpeaencHus: KOMIOHEHTHI
TEH30pa HANpsDKEHUl o), B IPSAMOYrONbHOM IUIACTHHE

C LEHTPaJIbHON TPEMIMHON [JIMHBI, MHOTO MEHbLIEH IO
CPaBHEHHIO C IIUPUHOM IUIACTHUHBI, HA PACCTOSHHUHU
r =0,033CM or BepUIMHBI TPEIHMHBI, IJI€ KPACHBIM IIBETOM
n3o0paxxeHo ananutndeckoe pemenue (1.1) ¢ koadduim-
€HTaMH, BeIYHMCICHHBIMU 10 (opmyie (1.2). Cuaumu TOU-
KaMH OTOOpPa)X€HO KOHEYHO-JIEMEHTHOE PpEIICHHE, TOIIy-
YEHHOE METOZIOM KOHEYHBIX 3JIEMEHTOB B IPOrPaMMHOM
komiuiekce Simulia Abaqus. Ha puc. 4, a u3o0paxeHo
ACHUMITOTHYECKOE pEIIeHHE, B KOTOPOM YJIEp)KHBAETCS
JIMIIb OJTHO ciiaraeMoe ¢ KO3(QHUIMEHTOM HHTEHCUBHOCTH
HanpsokeHuid. Ha puc. 4, 6 KpacHBIM IIBETOM MMOKa3aHO JBY-
YICHHOE aCHMNTOTHYECKOE pa3jiokeHue. BuaHo, 4ro Ha
YKa3aHHOM DPACCTOSHUHM JBYWICHHOTO aCHMITOTHYECKOTO
pa3nokeHus] HeJOCTATOYHO /ISl ONMCAHMS TEH30pa Hamps-
eHui. Ha puc. 5 KpacHbIM LIBETOM ITOKa3aHO TPEXUJICHHOE
ACHMITOTHYECKOE DPAa3JIOKEHHWE KOMIIOHEHTBHI TEH30pa Ha-

l'[pSI)KCHI/Iﬁ Oy - BI/I,Z[HO, YTO Ha JAHHOM pPAaCCTOAHHUU TPEX

cllara€MbIX JOCTAaTOYHO AJIsA OIMMCAHUA I10JIA HaHpH)I(eHHﬁ.

-3 2 -1 0 1 2 3

Abaqus

3 2 1 0 1 2 3

Puc. 4. PacnpezeneHre KOMIIOHEHTHI T€H30pa HaNpsUKEHHH G,

y BepmmHbl TpemuHbl Ha paccrosuuu I=0,033CM : xpacHbIM

[BETOM II0KA3aHO OJHOWICHHOE ACHMITOTUYECKOE PA3IOKEHHE

M. Yumbamca (a), OBy4JIEHHOE ACHMITOTHYECKOE PAa3JIOKEHHE

M. YunbsiMca (6), CHHEM I[BETOM ITOKA3aHO KOHEYHO-3JIEMEHTHOE
pelIenye

Fig. 4. Distribution of the stress component o,, at the distance

from the crack tip r=0,033cm : the red curve shows the one-term

asymptotic solution (a), the two-term asymptotic solution (b), the
blue points show the FEM solution
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Puc. 5. PacnpeneneHre KOMIIOHEHTHI T€H30pa HANpsDKEHHH G,

y BepuiuHbl TpeuHsl Ha paccrosaun I =0,033CM: kpacHbM

LIBETOM IIOKa3aHO TPEXYICHHOE AaCHUMITOTHYECKOE PAa3JI0KEHUE
M. yI/IJ'II)S{Mca, CHHHUM IBETOM — KOHCYHO-3JICMEHTHOC PCIICHUEC

Fig. 5. Distribution of stress component o,;, at the distance from

the crack tip r=0,033cm: the red curve shows the three-term
asymptotic solution, the blue points show the FEM solution
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Ha puc. 6 mpencTaBieHo paclpeneNeHre KOMIOHEHThI
o,, Ha paccrostann I'=0,059¢cM ot konunka Tperunsl. Ha

puc. 6, a MOKa3aHO IBYWICHHOE Pas3jiokKeHHe, Ha puc. 6, 6 —
CEeMUUWICHHOE acUMIToTHYecKoe pasnoxenue (1.1). U3 puc. 6
sicHO, uto Ha paccrostauu ' =0,059cM ot BepiunHbl Tpemu-

Hbl T-HampspKeHWH HEAOCTAaTOYHO, TPEX- U ISTUYJICHHBIE
ACHMIITOTHYECKHE PA3I0KEHHS BCE €Ie OTIMYAIOTCA OT KO-
HEYHO-3JIEMEHTHOTO PEIIeHNS] U HEOOXOANMO YIEpKUBATh
CEeMb CJIaraéMbIX B ACUMIITOTUYECKOM Pa3I0KEHUM.

U3 puc. 7-9 BuaHo, uto Ha paccrosuuu I =0,199 cm
OT KOHYMKA TPEIIMHBI CIEAYET YAEPKUBATh CEMb Clarae-
MBIX B MHOTIONapaMeTpUYECKOM aCHMMTOTHYECKOM pa3io-
xeHun M. Yunbsamca. Ha puc. 9 mokaszaHo, 4To ceMu4ieH-
HOE ACHMNTOTHYECKOE PA3JIOKEHHE MOJHOCTBIO COBMAACT
C KOHEYHO-DJIEMEHTHBIM pemleHneM. lIpoBeneHHbIE cpaB-
HEHHUS] YETKO TMOKa3bIBAIOT, YTO HapsAy C KOd(PQHUIHEHTOM
HMHTEHCUBHOCTH HanpsbkeHH U T-HanpsoKeHUsIMU B acHUM-
NTOTUYECKOM pelleHnr M. Yunbsamca ciaenyeTr yaepKuBaTh
BBICHINC HpI/I6J'II/I)KeHI/IH " MpaBUJIbHO ONHCATh HAIPAKCH-
HO-J1e()OPMHUPOBAHHOE COCTOSIHUSI B OKPECTHOCTU BEPIIMHBI

%

100 -+

50

-50

-100

a

TPENUHBI MOYKHO, UMeSt KOO (GHUIMEHTBI NPU BBICIIMX TIPHU-
ONMKEHUSX U YIEPKUBAS HECUHTYJISPHBIC CIIATaEMBIE.

Ha puc. 10-13 moxa3aHbl pacmpeneieHns KOMIIOHCH-
Thl G, TeH30pa HanpsbkeHud Ha paccrosuuu I =0,399 cm

OT BEpIIMHBI TPEUIMHBI, MOJYYCHHbIE B MHOTOLEICBOM
KoMmIuiekce mporpamMm Simulia Abaqus, pearusyromem me-
TOJ KOHEYHOTO 3JIeMEeHTa. UMCICHHOE pEIICHHE IMOKa3aHO
cuHnMH Toukamu. Ha puc. 10-13 takxke nmpuBeieHO aHaIH-
THYECKOE aCHMITOTHIECKOE PEIICHHE 3a/add — MHOTOMa-
pameTpuyeckoe pasnoxkeHue M. VYuibsMca, B KOTOPOM
YAEpKUBAEeTCA Pa3IMuHOE KOJMYECTBO CIaraéMbIX: Ha PHUC.
10, a xpacHast KpuBas IOCTPOCHA C MOMOILbIO OJHOWICHHO-
TO aCHMITOTHYECKOTO pa3nokeHus. O4eBUIHO, 9TO HA yKa-
3aHHOM PACCTOSIHUHM OT BEPIIMHBI TPELIMHBI OJHOMApaMeT-
PHUECKOTO Pa3sIoKEHHs] HEAOCTATOUHO U CIEAYET YAEpKHU-
BaTh HECHHTYJISIpHBIE ciaraemble. Ha puc. 10, 6 xpacHBIM
I[BETOM ITOKAa3aHO ABYWIEHHOE aCHMIITOTHYECKOE Pa3lIoxKe-
Hue M. Yunesamca. Takum o6pa3oM, B pelIeHUH yYHUTHIBA-
1or1es T-Hanpsbxkenus. Ha paccMaTpuBaeMOM pacCTOSHUU OT
KOHYMKA TPELIMHBI JBYXIApAMETPHUECKOTO Pa3I0KEHHS,
yuHUTHIBatoIIero T-HanpspKeHHs1, TAK)KE HEAOCTATOUHO.

Abaqus

Puc. 6. Pacripe/esieHrne KOMIIOHEHTBI TeH30pa HanpsbkeHns: o,, Ha paccrostann I'=0,059cM ot BepIumHBI TPELUIMHEL, TOCTPOSHHOE

C IOMOIBIO JIBYYJICHHOI'O aCUMIITOTHYCCKOI'O Pa3JIOKEHUA M. Yunbsmca (a) 1 CEMUYJICHHOI'O0 aCUMIITOTHYCCKOI'O Pa3JIOKECHUA (6),
CHHHUM IIBETOM 1/1306pa>1<eH0 KOHCYHO-3JIEMCHTHOEC PCUICHUC

Fig. 6. Distribution of stress component o,, at the distance from the crack tip r =0,059 cm : the red curve shows the two-term

asymptotic solution (a), the seven-term asymptotic solution (b), the blue points show the FEM solution
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Puc. 7. Pacnipesienenie KOMIIOHEHTBI TEH30pa HanpsokeHust o, Ha pacctosamu I'=0,199cM or BepmmHBI TpeIuHbI, TOCTPOEHHOE

C MOMOIIBIO OJJHOYICHHOTO aCHMIITOTHYECKOTO pasniokeHuss M. Yuubsimca (a) U ABYUICHHOTO aCHMIITOTHYECKOTO Pa3NioKeHus (6),
CHHHM IIBETOM H300pa’k€HO KOHEYHO-3JIEMEHTHOE PEIICHIE

Fig. 7. Distribution of stress component o,, at the distance from the crack tip r =0,199 cm : the red curve shows the one-term

asymptotic solution (a), the two-term asymptotic solution (b); the blue points show the FEM solution
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wel, Abaqus,...
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Puc. 8. Pactipe/iesieHne KOMIIOHEHTBI TEH30pa HANpPsDKeHUs o;, Ha paccrostHnn P = 0,199 cM ot BeprumHbI TpelmHbL, TOCTPOSHHOE

C NOMOIIBIO TPEXWICHHOTO ACUMIITOTHYCCKOI'O Pa3JIOKECHHUS M. Yunesimca (a) U IATAYICHHOI'O0 aCUMITTOTUYECKOI'O PA3JIOKEHUS (6),
CHUHUM I BCTOM I/I306pa)KeH0 KOHEYHO-3JIEMECHTHOEC PCIICHNUE

Fig. 8. Distribution of stress component o,, at the distance from the crack tip r =0,199cm : the red curve shows the three-term

asymptotic solution (a), the five-term asymptotic solution (b); the blue points show the FEM solution
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Puc. 9. Pacnpenenenrie KOMIOHEHTHl TEH30pa HANpPSKEHUS Gy,

Ha paccrossumn '=0,199 cM or BepmmHBI TpemmHBI, MOCTPOEH-

HOE C TIOMOILIBI0 CEMUYJIEHHOTO aCHMITOTUYECKOTO Pa3JIOKEHHS
M. Yunbsmca, CHHUM IIBETOM H300paXC€HO KOHEYHO-DIIEMEHTHOE
pelieHne

Fig. 9. Distribution of stress component o,, at the distance from

the crack tip r=0,199cm: the red curve shows the seven-
term asymptotic solution, the blue points show the FEM solution

Ha puc. 11 npuBeneHsl Tpex- M NATHWICHHBIE aCHUM-
NTOTUYECKUE PA3JIOKEHUs MOJs HanpspkeHHH. Buano, 4ro
KPHBBIE NPUOIIDKAIOTCS K YHCICHHOMY pEIIeHHI0, HO Clle-
JyeT B aCUMITOTHIECKOM ITPE/ICTABJICHNH OIS HAIPSDKEHUH
yIEepPKUBATh Clleylomue ciaraemble. [losromy Ha puc. 12
MOCTPOCHBI CEMH- M JCBSITHWICHHBIE ACHUMITOTHYECKHUE

Pa3JIOKCHUA KOMIIOHCHTBI TEH30pa HaprI)KeHI/Iﬁ Oy

y BEpILIMHBI TPEIIWHBI, a Ha puc. 13 KpacHbIe KPHUBBIE HII-
JIOCTPUPYIOT pacHpeAeeHNs MO HANPsDKEHUH, TOIydeH-
HbIE€ C MOMOUIBI0 OAWHHAALATUYWIEHHOIO U TPUHAATHY-
JIEHHOTO0 aCHUMITOTHYECKHMX Pa3lI0KEHHUH y BEpIIUHBI Tpe-
muHBL. TONBKO IS MOCTEIHETO CiIydas KOHEYHO-3JIEMEHT-
HOE peIIeHNe W aCHMITOTHYECKOE pEIICHHE, CoAepiKaiiee
13 crnaraemblX, coBmajarT. Takum o0pa3oMm, MOXKHO 3a-
KIIFOYNTh, YTO Ha YKa3aHHOM PACCTOSHUH ISl aCHMITOTH-
YECKOTO ONHWCAHMA IOJIS HANpsUKeHUI HEOOXOIMMO 3HATh
13 k03¢ PUIMEHTOB MHOTOIIAPaMETPHUYECKOTO Pa3JIOKEHUS
M. Yunbsamca. Heo6XoauMOCTh yaepskaHusi BBICIINX TIPH-

OMmDKeHUI TakKe WILTIOCTpUPYIOT puc. 14-16, rne npuBe-
JICHBbl paclpe/ie]ICHUs] KacaTelbHOIO HANpsDKeHUs G, Ha

TOM € PACCTOSHUHM OT BEPLIMHBI TPEelUHbI. MOXHO ObLIO
OBl OXWJaTh, YTO CYIIECTBCHHBIM Oyzmer T-HampspkeHne
B OKPECTHOCTH BEPIIMHBI, (UTYypPHPYIOIIEE B HOPMAIbHOM
HanpsokeHun Gy, . OQHako pacmpezaeneHus KacaTelbHOTIo

HaNpsDKEHUS elle pa3 JOKa3bIBal0OT HEOOXOTUMOCTH YaAep-
JKaHWS BBICIINX MPHONIMKCHUN B aCHMIITOTHYECKOM pa3io-
skeHuu M. Yunbsimca. B cuiny 3T0i npu4mnHbL, BO3Bpalasch
K 9KCIICPUMEHTAIBHBIM JaHHBIM, MOKHO YTBEpP)KIaTbh, UTO,
€CJIM TOYKA M30XPOMATHUYECKON MOJIOCHI HAXOTUTCS Ha pac-
CTOSIHUSIX TOPSIZIKa MOJTYAJIMHBI TPEIIMHBI U OoJee, clieayer
yACP>KUBATh BBICIINE MPUOIMKEHHS, BIUIOTh 10 13—15 ko-
s ¢unumentos. Jlaxe Ang paccTOSHUI, HE MPEBBIMAOIIAX
10 % OT MONOBHMHBI JUIMHBI TPEHIMHBI, YK€ HEJOCTATOYHO
OJTHOWIEHHOTO M JBYYJICHHOTO aCHMITOTHYECKOI'O pasJio-
xkeruit (cm. puc. 4, 5). [TosTomy mpu 06padoTke Bcelr COBO-
KYIHOCTH 9KCIIEPUMEHTATHHOH HHPOPMAIUU HYKHO UMETh
B BHAY, YTO, OTPAaHHYUBASCH TOJIBKO OJHOWICHHBIM HIIH
JIBy4IEHHBIM aCHUMITOTHYECKUMH PAa3JIOKEHUSIMH, MBI HE
CMOYEM TIPABIIIBFHO OIHCATh TIOJIC HAIPSIKCHUH B OKpPECT-
HOCTH BEpUIMHBI TPEIIWHBl U CIEAyeT cpa3zy mpuberatsb
K MHOTOIIapaMEeTPHUUECKOMY aCHUMITOTHUYECKOMY pa3Jioxke-
HUro. OYeBUTHO, YTO IOJIE M30XPOMATHIECKUX TI0JIOC, TIPH-
BEJIECHHOE Ha puc. 2—4 mnepBOH 4YacTU CTAaTbU, HE MOXKET
OBITH MPABHJIBHO OMHCAHO C TIOMOIIBIO OJHOYJICHHOTO WM
JIBYWICHHOTO aCHMITTOTUIECKOTO Pa3IoKEHHUS.

C 1enpio u3BICYCHUS KOA(PPUIIEHTOB MHOTOMIapaMeT-
PUUYECKOTO DPA3NOKEHUS W3 KOHEYHO-3JIEMEHTHOTO 3KCIIe-
puMeHTa OBITH cOOpaHbI SKCIIEPUMEHTAIbHbIE TOUYKH, TPH-
HaJAJeXallue KOHIEHTPUUYECKHM OKPY>KHOCTSM C Pa3HBIMU
paznycamMu: BCETO /ISl BEIYUCICHUN ITapaMeTpOB MEXaHUKH
paspymeHust ObIIM WCIOJB30BAHBI Pa3IWYHBIE MHOXKECTBA
touek: oT 219 mo 1314. [is BerauciaeHuit k03¢ OUIHESHTOB
BBICIINX NPHUOIMKEHUH aCHMITOTHYECKOTO Ppa3JIOKEHUS
M. Yunesimca OblTH HCIONB30BaHbl cooTHomieHus (1.1)—
(1.3), koTOpBIe B MaTpuuHO#l opmMe MOTYT OBIThH MPEACTAB-
JICHBI B BHJIE
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o, =CA, (2.1)

p
Iie G, — BEKTOP-CTPOKa, COCTOSIIIUI U3 KOMIIOHEHT TEH30-
pa HampspKeHuH; A — BEKTOP-CTOJNOEI, COCTOSIINI U3 aM-

IUINTYAHBIX MHOXHTEJIEH — KO3 PHUIHEHTOB aCHMITOTHIE-
CKOTO Pa3/0KeHHs MOJIS HaIlPSKEHUH.

VYpasraenus (2.1) mpencraBnsior coboit cucremy M

JMHEHHBIX anreOpandeckuX ypaBHEHMH OTHOCHTENbHO K

MAcCIITaOHBIX MHOXKUTENEH A:(all,a;,....,al,(), KOTOpBIE

MOoAJIC)KAT ONPECACICHUIO (rz[e M — 4uCIIO B3STBIX U3 BbI-
YHUCIIUTECIBHOI'O SKCIICPUMEHTA TO‘{CK).

O G,
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Puc. 10. Pacnipezienenre KOMIOHEHTBI TEH30pa HapshkeHust 6, Ha paccrosuud I = 0,399 ¢M oT BepLIMHBI TPEIMHBI, HOCTPOECHHOE
C MOMOIIBIO OJJHOUWICHHOTO aCHMIITOTHYECKOTO pasnoxeHus M. Yunbsmca (a) U ABYWICHHOTO aCHMIITOTHYECKOTO Pa3lIoKeHus (6),
CHHHUM LIBETOM H306pa>1<eHo KOHCYHO-3JIEMCHTHOEC PCUICHUC
Fig. 10. Distribution of stress component o,, at the distance from the crack tip r=0,399cm: the red curve shows the one-term
asymptotic solution (a), the two-term asymptotic solution (b)
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Puc. 11. PacnipezeneHne KOMIOHEHTBI TeH30pa HaNPsDKeHUs o, Ha paccrosiaun ' =0,399CcM oT BepIuMHBI TPEIIHMHBI, TOCTPOSHHOE

C MOMOIIBIO TPEXWICHHOI0 ACUMITOTHYECKOTO pasioxeHust M. YuibsiMmca (@) U IATHYICHHOTO ACUMITOTHYECKOTO Pa3okKeHus (0)

Fig. 11. Distribution of stress component o,, at the distance from the crack tip r =0,399cm: the red curve shows the three-term
asymptotic solution (a), the five-term asymptotic solution (b)
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Puc. 12. PacnpezeneHne KOMIOHEHTBI TeH30pa HaNpsDKeHUs: o,, Ha paccrossand ' =0,399CcM oT BepIuMHBI TPELKMHBI, TOCTPOEHHOE

C MOMOIIBIO CEMHYJIEHHOTO aCHMIITOTHYECKOTO pasnoxeHust M. Yunbsmca (a) ¥ AeBITHYICHHOTO aCHMIITOTHYECKOTO Pa3iokKeHust (0)

Fig. 12. Distribution of stress component o,, at the distance from the crack tip r =0,399cm: the red curve shows the seven-term
asymptotic solution (a) and, the nine-term asymptotic solution (b)
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Puc. 13. PacnipezieneHue KOMIOHEHTBI TeH30pa HaNpsDKeHUs o, Ha paccrosuuu I'=0,399 cM 0T BepIINHBI TPELHHBL, TOCTPOCHHOE

C MOMOIIBIO OJMHHA/IIATUWICHHOTO ACUMIITOTHYECKOT0 pasioxkeHust M. YunbsaMca (@) ¥ TPUHAIUIATHWICHHOTO aCHMIITOTHYECKOTO
paznoxxkeHns (0), CHHIM [IBETOM H300pakeHO KOHEYHO-3JIEMEHTHOE pelIeHHe

Fig. 13. Distribution of stress component o,, at the distance from the crack tip r =0,399 cm: the red curve shows the eleven-term
asymptotic solution (a), the thirteen-term asymptotic solution (b); the blue points show the FEM solution
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Puc. 14. Pacnipezienenue KOMIOHEHTBI TEH30pa HanpshkeHust 6, Ha paccrosuud I'=0,399 cM 0T BepIIMHBI TPELIHHBL, TOCTPOEHHOE

C MOMOIIBIO OJJHOWICHHOTO aCHMIITOTHYECKOr0 pasnokeHus M. Yunbsamca (@) ¥ TpeX4WICHHOTO aCHMITOTHYECKOTO pasiiokeHus (6),
CHHHM IIBETOM H300paX€HO KOHEYHO->JIEMEHTHOE peIIeHHe

Fig. 14. Distribution of stress component o,, at the distance from the crack tip r =0,399cm: the red curve shows the one-term
asymptotic solution (a) and the three-term asymptotic solution (b)
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Puc. 15. Pacripenenenne KOMIIOHEHTEI TEH30Pa HANIPSKEHU G, Ha PacCTOSHUM I = 0,399cM OT BepHIMHBI TPEUHHBI, TIOCTPOEHHOE
C MTOMOIIIBIO MATHYIEHHOTO aCHMITOTUYECKOTO pasziioxkenus M. Yunbsamca (@) ¥ CEMUUIEHHOTO aCHMIITOTHYECKOTO pasjiokenus (6),
CHHHUM IIBETOM H306pa>1<eH0 KOHEYHO-3JIECMEHTHOC PCIICHUEC
Fig. 15. Distribution of stress component o,, at the distance from the crack tip r =0,399cm: the red curve shows the five-term
asymptotic solution (a), the seven-term asymptotic solution (b); the blue points show the FEM solution
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Puc. 16. Pacnipezienenre KOMIOHEHTBI TEH30pa HapshkeHust 6,, Ha paccrossuud = 0,399 cM oT BepLIMHBI TPEIHHBI, HOCTPOECHHOE

C IIOMOIIBIO IEBATHWICHHOTO ACHMIITOTHIECKOTO pa3iokeHust M. YubsaMmca () M OJUHHAAIATUWIEHHOTO aCHMITOTHYECKOTO
pasznoxxeHus (6), CAHUM [IBETOM H300pakeHO KOHEYHO-3JIEMEHTHOE PELICHUE

Fig. 16. Distribution of the stress component o,, at the distance from the crack tip r =0,399cm: the red curve shows the nine-term

asymptotic solution (a), the eleven-term asymptotic solution (b)

B o6mem ciydae yuciao M H3BECTHBIX U3 HATYPHOTO
WIN BBIYUCIUTENBHOTO 3KCIIEPUMEHTA 3HAYCHUH KOMIIO-
HEHT TEH30pa HaNpsDKEHHH MOXKeT ObITh Oouiblle 4Yucia
HEU3BECTHBIX MacIITaOHBIX MHOXHTeneln K . OueBuaHO,
9TO, BBIOpAB KaKOE-TO YHUCIO 3KCIEPUMEHTAIBHBIX TOYEK,
MBI BCErJa MOXKEM BBIOpaTh CIEIyIOIIee JOTOIHUTEIHLHOE
MHOXXECTBO TOYEK, JISKAIMX Ha CIEAYIOLIeH N30XpOMaTH-
YEeCKOW I0JI0Ce, WM Y3JI0B U3 KOHEYHO-3JIEMEHTHOTO aHa-
733, B KOTOPBIX M3BECTHBI BCE KOMIIOHEHTHI TEH30pa Ha-
npsokeHunid. CienoBarebHO, IpU 00paboTKe BCel COBOKYII-
HOCTH JKCIEPHUMEHTAIbHONH HWH(OpMalUM WM aHallu3e
KOHEYHO-3JIEMEHTHOT'O PacueTa BO3HHUKACT 3aJaya PEeIICHUs
MIEPEONPEICIICHHON CHUCTEMBI JIMHEWHBIX anreOpandecKux
ypaBHenwuii (3.1).

CrenyeT OTMETUTB, YTO CHCTEMa JIMHEWHBIX anredpan-
YecKux ypaBHeHHH (2.1) mMeeT 3aMKHYTOE pellIeHue:

A=(C’C)’CTo, . 2.2)

3agavy OTBICKaHUsI aMIUTHTYIHBIX MHOXHTEJICH MOXKHO
CBECTH K 3aJadye MHHUMHU3ALUM (YHKIHOHANA — LEIEBOM
GbyHKIUN

J(A) = %(cp —CA) (o, —CA). (2.3)

B Xo/ie BBIYHCIHUTENLHOTO OSKCIEPUMEHTA [IEJeBast
¢yHknus (2.3) OblTa MCHONB30BaHA I HAXOXKICHUS 3HA-

YeHUH AMIUIATY HBIX MaciTabHbIX MHOHTEIIeH

1 41 1
Az(ai,az,....,aK). B kausectse BekTOpa o, :(Gij) OblIM
HCTIOB30BaHbl 3HAYCHHS, BBIUMCIICHHBIC /IS TUIACTHHBI C
[EHTPALHON TpemunHoi. Kak ObIJI0 yKa3aHO BBIIIE, YHUCIO

KOMITOHEHT BEKTOpa G, :(Gij) MeHaAI0ch 0T 219 no 1314,

YTO OTBEYAET PA3HOMY KOJHUUYECTBY HCCIICAOBAHHBIX KPYIoO-
BBIX KOHTYPOB, OXBaTHIBAIOIIMX BEPIINHY TPEIIMHEL Bcero
OBUTH TIPOaHATM3UPOBAaHEI 60 KOHICHTPHUYECKUX OKPYKHO-
cTeil ¢ 73 TOYKaMu Ha KaxJ0il. Pe3ynbTaThl BHIYHCICHUIN
cBesieHBI B Ta0I. 1, 2. B tabn. | npuBeneHs! gaHHbIE 00pa-
OOTKH pe3yJbTaTOB KOHEYHO-3JIEMEHTHOTO pacyera Jyis

80

IUIACTHHBI C pa3MepaMHM, COBMAJAIOIIUMH C pa3Mepamu
TUTACTHHEI B HATYPHOM SKCHEPUMEHTE (B SKCICPUMCEHTE Ha
(hoTOyIPyrocTh, 00CYKIaCMOM B IIEPBOM YaCTU CTATHH).

Tabuumna 1

KoadduiueHTb aCHMITOTHYSCKOTO Pa3I0KCHUS
M. Yunbsmca ajst IIaCTUHBI, WASHTUYHONW HATYPHOMY
9KCIEPUMEHTY € OMOIIIBIO MeToia potoynpyroctu [34-45],
OIpe/ieNICHHbIE C TOMOIIBI0 METOIa KOHSUHBIX SJICMEHTOB

Table 1

Coefficients of William’s expansion obtained
by the FEM analysis

a =72,527 k[ /em®?

a, =—27,516 xI'/em®

al = 20,163 kT /om™

a; =-0,302 kI /em®

=-2,757 k['/em™

a
al =—0,985 kT /om™

1
1
a =0,712 kI /em™

a.é =0,019 x[/cM®

al =-0,315 kT /em?

al, =—0,016 kT/om®

a, = 0,077 kI'/emM™?

a;, =0,012 kI /em’

ay, = 0,050 kI /cm™>”

a;, =0,0007 xT/cm®

a, =0,014 kI /em™

B Tabn. 2 mpuBeneHbl JaHHBIC pacdera IS IIaCTUHBI
C MaJIOM MO CPaBHEHHUIO C MIMPUHOW TJIACTHUHBI TPELIUHOM.
Jlnst 3TOM MIaCTUHBI 3HAYCHUS MACIITAOHBIX MHOMXKHTEICH
CPaBHUBAJIKCH C UMEIOLIUMCSI TOYHBIM aHAIUTUIECKAM pelie-
HHUEM Ui OeCKOHEYHOW IUIACTHHBI. BEIYHCICHHBIE C MTOMO-
IIBIO TIPOTIEYPhl MUHUMHU3AIK (DYHKIIMOHANIA 3HAYESHHUS KO-
3¢ PUIHUEHTOB aCHMIITOTUYIECKOTO pa3jiokeHus M. YumbsiMca
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npezcTaBieHsl B Ta0. 3. Bo BTopom cTosibie tabdi. 2 npu-
BEJICHA MOTPEIIHOCTh, C KOTOPOI BBIYUCIICHBI OIMpPEICIICH-
Hble 3HaUCHHs (OTJIMYHME OT 3HAYCHHH aHAIUTHIECKOTO pe-
MIeHHS 151 0ECKOHEYHOH TUTACTHHBI).

Tabumma 2

3HaueHMs1 MaCIITaOHBIX MHOXKHTENIEH — KO3 (PUIIMEHTOB
MHOTOIapaMEeTPUIECKOI0 aCUMIITOTHYECKOTO PAa3JI0KEHHS
M. YunpsaMmca Al IUIaCTHHBI C TPEIIUHOW MaJIoi JITHHBI

Table 2

Coefficients of multi-parameter William’s series expansion
for a plate with a central crack of a small length

by | Torpenocr, %

a =50,059 I /cm™ 0,01

a, =—24,972 kT /em? 0,09

a, = 24,943 kI /em™ 0,13

al =—6,236 kI /em™ 0,22

a = 3,112 kI /em™ 0,31

ay =—1,951 kI /em™” 0,35

a, =1,361xI/em™? 0,44
ay, =—1,056 kI /cm™? 0,54

a, = 0,786 kI'/cm'™ 0,68

Tabmuma 3

Koa¢duireHTs aCHMITOTHYECKOTO PA3TI0KESHUS
M. YunbsiMca y BepLIMHBI TPSIHHBI B TOJIYAUCKE
C BEPTHKAJILHBIM HAJIPE30M JUISl HCTIBITAHHI
Ha TPEXTOYEUYHBINH U3ru0

Table 3

Coefficients of the William’s series expansion in SCB
specimen

Koneuno-aneMeHTHEIN aHAN3

a =111,59587 kI'/cm*?

al =—0,878439 kI /o’

=-1,99458 kI /em™?

%
a: =0,021217 kT /om®
at =—0,00880 kT /em™

aé =-0,003137 k[ /cm*
a =0,017415 kI /em™

a =0,02738 kI /cm®

a; =—0,010154 kI'/em™

a, = —0,009851 kI /mm®

a), =-0,008144 kI /em'*”

al, =0,005142 kT/cu’

a, =0,002779 kI /cm™>?

a,, =—0,001581 I /eM®

a, =0,000756 kI /e

KoadduimenTsl ¢ 4eTHBIMA HOMEpaMH, Kak TOoKa3all
BBIYHMCIIUTEIBHBIA IKCIIEPUMEHT, 00pamaoTcst B Hynb. Ta-
KM 00pa3oM, MOXKHO 3aKJIFOYUTh, YTO ITOIXOZ, OCHOBaH-
HBIIf HA MHHAMH3AIAE QyHKIHOHaNa (2.3), IpeaoCTaBIseT
yIoOHOE CpEeNCTBO ISl BBIYUCICHUS BCeX KOA(PQUIHEHTOB
aCHMIITOTUYECKOro pasioxeHus M. YumbaMca nois Ha-
TPsDKEHUH Y BEPIIUHBI TpemmHbl. Kak mokassiBaer Tadi. 2,
JIAHHBIH TOAXO0J TO3BOJISIET HOCTPOUTD ISITHAIIATHYIICHHOE
ACHMIITOTHYECKOE Da3sioKeHHe, KOdPUIMEHTH B KOTOPOM
OTIPEIIETISFOTCS C MTOTPEITHOCTRIO, He MpeBbimatomieii 0,68 %,
UL TITHAAUATHWICHHOTO aCHMITOTHYECKOTO Pa3IoyKEHHS,
U ¢ TOUYHOCTBIO, He mpeBblimatomieit 0,54 %, nis TpuHaaua-
TUWICHHOTO aCHMIITOTHYECKOTO pasiokeHws. [losTromy moa-
XOZ IS BEIYUCIICHHUST KO3()(PHUIIIEHTOB MHOTOMIapaMeTprde-
CKOTO aCUMIITOTUUYECKOro paszioxeHus M. YumibsmMca, OCHO-
BaHHBI Ha MUHUME3auu QyHKIMoHANa (2.3), ciemyer
cuntats dPdektuBHbM. [IpoBens maHHbIC BBHIYMCICHHS Ha
[IpUMEpPE TUIACTUHBI C MAJIOM HEHTPAJbHON TPELIMHON, MOXK-
HO 00paTUThCS K KOMITBIOTEPHOMY MOJICIMPOBAHHIO ILIACTH-
HBI C pa3pe3oM, U300pakeHHOW Ha puc. 2—4 TepBOi 4acTH
CTaThH. Pe3ynbTaThl BRIYHACIICHHUH TOKa3aHBI B Ta0M. 1.

2.2 Bblumcnenune T-HanpspkeHun

MmuorodyHkionansaeiii  kommieke Simulia Abaqus
MO3BOJISIET NMPOBECTH BhIUUCIEHUs T-HampshkeHUH 11 00-
pa3loB C pa3iUYHBIM OTHOIICHWEM IOJIYAJIMHBI TPELIH-
HBl & K IIMpWHE IUIACTUHBI L W 1aTh ammpoKCHMalMOH-
HYI0 OLEHKY T-HampspKeHUH B IUIACTUHE C LEHTPaIbHOU
TpeuHoil. [lis momydeHus oueHKH T-HampsokeHui Oblia
BBINOJIHEHA OOJbIIast CepUsl pacueToB AJIS MPSIMOYTOJIbHBIX
IUIACTUH C OJJMHAKOBBIMH pa3MepaMH CTOPOH, HO C pa3iny-
HBIM OTHOLIEHWEM MOJYUIMHBI TPEUIMHBI K IIUPUHE IUIa-
cTuHbl. OTHOIIEHHWE NOIYAJUHBI TPEIIMHBI K IOJOBHHE
WHUPUHBI IACTUHBI MeHsi1och oT 0,01 1o 0,9. [Inst xaxnoro
3HAYCHMsl OTHOLIEHUS BBIUUCILUIOCH T-HampsbkeHue. Pe-
3yJbTaTHl BEIYHUCIECHUI U MPUOIMKEHHAs KPUBasi TOKA3aHbI
Ha puc. 17. CHHHM LIBETOM ITOKa3aHbI TOYKH, MOTyYCHHbIC
METOZOM KOHEYHO-3jieMeHTa B makere Simulia Abaqus.
KpacHbIM I1BETOM MOKa3aHa allIpOKCUMUPYIOIIas KPUBAsL.

T-nanpsukenue, kI/em?
100

150
200
250
300
350
400
450

all
0,0 0,2 0.4 0.6 0.8

Puc. 17. 3aBucumocts T-HanpspkeHUH OT OTHOICHUS ATHHBI
TPEIIUHEI K mupuHe oOpa3ua a/ L

Fig. 17. Variation of T-stress as function of ratio a/L
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Jns  BeluncieHuss T-HampspKeHWH — MCTIONIb30BasiOCh
[peCTaBIeHUE

T=c5Y(a/L), (2.4)

rae Y(a/ L) — TapupOBOYHAs (QYHKIIHS, KOTOpast B CIydae

IJIACTHHBI C LEHTPAJIBbHON TPEIMHOW 3aBHCHUT TOJBKO OT
OTHOIICHHS TOJTYUINHBI TPEIIUHBl & K MOJIOBHHE MIMPHUHBI
IUTACTHUHEI L,

Y (a/L)=-0,99861-0,60405v +10,88927v* —
—91,33252V° +349,90393v* — 695, 48121v° +
+685,00314v° —286,27244v", v=alL. (2.5)

C nomoupto BepaxkeHHH (2.4) u (2.5) MOXXHO HaWTH
T-HanpsbkeHue B MIacTUHE MMPHHOM 2L ¢ meHTpanbHOM
TPEIMHON UTMHEI 2a, He mnpuberas K KOHEYHO-AIIEMEHT-
HOMY aHaJU3y.

3. YucneHHoe onpepeneHue KoahcpuumeHToB
acumnToTMyeckoro pasnoxeHus M. Yunbsamca
ANnsA nonyaucka ¢ Hagpe3om U3 oToynpyroro
3KCNEepUMEHTa U KOHEYHO-3IEMEHTHOrO aHanu3a

Hapsay ¢ niactuHO#M ¢ NeHTpaiabHOM TPELIMHON B Ha-
crosmiel paboTe paccMOTpPeHHAss METOAWKa Oblla IpuMe-
HEHa K CPaBHUTEIILHO HOBOMY 00pasily ¢ HaJpe3oM — I0JTy-
JIICKY C BEPTUKAIBHBIM HaJIpe30M, KOTOPBIH UCIIOIb3YeTCs
IUTA MCTIBITAaHUM Ha TpeXTOYewHbIH m3ru6. Llempio HacTOs-
Eero JSKCICPUMEHTAJIbHO-YUCJICHHOTO MNOoAXoda ABJIACTCA
ompeNeieHue KOA(P(UIMECHTOB BBICIIUX PUOIMKCHUHA
MHOTOTIapaMeTPUIECKOro pasznokeHns M. YunpsaMca mis
IAaHHOI reoMeTpuu. Pazmepsl oOpasiia ciemyrommue: pagnyc
moJIyIucKa 5 oM, uHa Haapesa 1,92 M, TosmuHa odpasia
4.9 Mm.

Puc. 18. PactipesieneHue MHTEHCUBHOCTH KacaTeNIbHBIX
HaNpsHKEHUH B TIOTYANCKE C BEPTHKAIBHBIM HaAPE30M

Fig. 18. Distribution of the von Mises equivalent stress

Jliist TPOBEPKH TOMYYSHHBIX 3KCIEPUMEHTANIBHBIX pe-
3yJAbTaToB OBLI BBIMONHEH pacyeT HampshKeHHO-AehopMHu-
POBAHHOI'O COCTOSIHHUSI B MIOJIYJMCKE C HAAPE30M C TEMH JKe
TEOMETPUYCCKAMH Pa3MepaMH B KOHEYHO-3JIEMEHTHOM TIa-
kete Simulia Abaqus. KoHeuHO-31eMEHTHBIH MaKeT MO3BO-
JSIeT HEeMOCPEACTBEHHO (Cpa3y IMOCIe PacueToB, He Hpuode-
ras K HAIMCAHWIO JOTOJHUTEIBHBIX MPOIEAYpP) MOIYIUTH
3HaYCHHUS KO3(D(DHUIMEHTa WHTEHCUBHOCTH HANPSHKCHUH U
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T-wanpsokenust. [lomydgennsie B Simulia Abaqus 3nauenust
Ko3(dunneHTa  MHTEHCHBHOCTH  HampsbkeHuit  u T-
HanpsDKeHUs! OBUIA CPaBHEHBI C SKCIIEPHMEHTAIHHBIMH 3HAa-
yeHUsIMH. Pasnuaust He npesbimaot 0,01 %. Koaddumnmen-
TBI BBICIINX MPUOIKEHUI ObLIM BBIYHMCIEHBI C MOMOIIBIO
cooTHoMIeHHH (2.2) U ¢ TOMOIIBI0 MHUHAMH3ALUUH (PYHK-
muoHana (2.3). PesynmpTaThl BBHIYMCIIEHUH CBEICHHI B TaOII.
3. PesympraThl MuHHMH3anUMU  (QyHKIWOHama  (2.3)
Y 3Ha4eHHUS KOd(PPHUIUCHTa WHTCHCUBHOCTH HAIpPSHKEHUH
u T-HanpspKeHUs] TMOTHOCTBIO COBMANAIOT, YTO CBHUICTEIB-
CTBYET O IIOCTOBEPHOCTH PAacCieTOB IS KOA((PHUIINEHTOB
BBICIINX TPHOJIMOKEHHH.

CpaBHEHHE Pe3yNbTaTOB, OJIYICHHBIX C IIOMOIIBIO Me-
TOZIOB IA(POBOH YIPYTOCTH M KOHEYHBIX IIEMEHTOB, TI0Ka-
3bIBAET UX XOPOIIEe COOTBETCTBHUE.

BbiBoabl

B pabore ¢ moMOIIbI0 KOHEYHO-3JIEMEHTHOIO aHaJIu3a,
MPOBEICHHOrO0 B MHOTO(YHKIIMOHAIILHOM KoMILIekce Simulia
Abaqus, BEMuUCITCHB! KO3()(UIHCHTE MHOTOIIApaMETPHIECKO-
r0 aCUMITOTHYECKOrO pas3ioxkeHus M. Yuibsamca Hojs Ha-
NpsDKEHUN Y BEPIIMHBI TPEIUHBL IS IBYX Pa3IMYHBIX KOH-
(huryparmit: Ui IIACTHHBI ¢ IEHTPaJIbHON TPEIIMHOM B TIOJIe
OJTHOOCHOTO PACTSDKCHHUS U TOJYANCKA C HAJIPE30M B YCIIOBH-
SIX TPEXTOUEUHOTO M3rnba. 113 KOHeUHO-3JIEMEHTHOIO pacdeTa
C TIOMOIIBIO ONMCAHHOTO aJITOPHTMA W3BJIECYCHBI KO3(duIm-
€HTHI BBICIIMX NPHUOJIMKEHUH MHOTONAapaMeTpUYECKOro pas-
noxenuss M. Yuibsimca. AJITOPUTM OCHOBaH Ha PaccMOTpe-
HUM TOYEK, JIEXKAIIMX Ha KOHLEHTPUYECKUX OKPYNKHOCTIX
CLEHTPOM B BEpUIMHE TpEIIMHBL. MeToauka MO3BOJSET
B 1I€JIOM PAacCMAaTpUBATh JII00OE KOJMYECTBO KOHLEHTpUYE-
CKHX OKPYXHOCTEH M IONy4aTh NEPEONPEACICHHYIO CHUC-
TeMy JIMHEHHBIX ypaBHeHuH. [loka3aHo, uTO 11 ompesene-
HUS KOO QUIHMEHTOB pasiokeHHs MOXKET ObITh BBEICHA
neneBast GYHKLMs — KBaJpaTHYHAsh OTHOCHTEIILHO OIpese-
JIsIeMBIX  KO3((HUIMEHTOB, TpoIeaypa €€ MHHHUMH3ALHN
TaKke MPUBOAMT K Kod(duImeHTaM BBICIINX MpUOIHNKE-
HUl paznoxxeHus M. YuibaMmca. BeluucieHsl nepssle IST-
HaJaTh KO3(Q(UIMEHTOB aCUMITOTHYECKOTO Pa3JIOKECHUS
HOJIsl HANPSDKEHUH Y BEPIIMHBI TPEIUHBI KaK IS [UIACTH-
HbI C HEHTPaJIbHOM TPEIIMHOM, TaK U JIsI MOJYKPYTOBOI'O
JIICKa C HaJape3oM. J[aHO cpaBHEHHE BBIYHMCIEHHBIX KOA(-
¢unuentos pasznoxeHuss M. YuimbsiMca ¢ TEOpPETHYECKHM
pemieHneM, HMEIOIUMCS Uil OECKOHEYHOM IUIaCTHHBI
C LUEHTpalbHOW TpeumuHoN. l3BieueHHble W3 KOHEYHO-
3JIEMEHTHOTO peleHus] KO3()(UINEHTHI COBMAAAIOT C TOY-
HBIM DELIEHUEM, YTO CBHUJETEIbCTBYET O JOCTOBEPHOCTH
aNropuTMa pacyera.

IMonyuena anmpokcumaryioHHass ¢opmyna ains T-Ha-
HOpsOKEHUH B MJIACTUHE C TPELIUHOM, MO3BOJISIONAsl BEIUUC-
muth T-HampsokeHu#, He mpuderas K HKCIEPUMEHTAIEHOMY
WA KOHEYHO-3JIEMEHTHOMY aHAIN3y.

IIpoBeneHHbIN aHANN3 MOJEH HANpPsDKEHUH y BEPIIUHBI
TPELINHBI ¥ OCTPOTO HaJpesa mokasan 3¢((eKTnBHOCTE KC-
MEPUMEHTATBHOTO MeToJa LU(POBOH (OTOYIPYroCTH,
HOJKPEIJIEHHOTO KOHEYHO-3JIEMEHTHBIM MOJECIUPOBAHUEM.



Cmenanosa JI.B. / Becmnux ITHUTTY. Mexanuxa 1 (2021) 72-85

BnarogapHocTb

Pabora BemmomHEHAa TpH (HUHAHCOBOW MOIAEPIKKE
PODU (rpant Ne 19-01-00631).

Bubnunorpacunyecknn cnucok

1. Evaluation of the SIF and T-stress values of the Brazilian
disc with a central notch by hybrid method / P. Miarka, A.S. Cru-
ces, S. Seitl, L. Malikova, P. Lopez-Crespo // International Journal
of Fatigue. — 2020. — Vol. 135. — P. 105562.

2. LiH., Guo R., Cheng H. Calculation of stress intensity
factors of matrix crack tip in particle reinforced composites using
the singular Voronoi cell finite element method // Theoretical and
Applied Fracture Mechanics. — 2019. — Vol. 101. — P. 269-278.

3. Evaluation of notch stress intensity factors by the asymp-
totic expansion technique coupled with the finite element method /
S. Yao, C. Chen, Z. Niu, Z. Hu // Applied Mathematical Model-
ling. — 2018. — Vol. 61. — P. 682-692.

4. DIC identification and X-FEM simulation of fatigue
crack growth based on the Williams” series / C. Roux — Langlois,
A. Gravouil, M.-C. Baietto, J. Rethore, F. Mathieu, F. Hild,
S. Roux // International Journal of Solids and Structures. — 2015. —
Vol. 53. - P. 38-47.

5. Akhondzadeh Sh., Khoei A.R., Broumand P. An effi-
cient strategy for modelling stress singularities in isotropic com-
posite materials with X-FEM technique // Engineering Fracture
Mechanics. — 2017. — Vol. 169. — P. 201-225.

6. Evaluation of the T-stress for cracks in functionally
graded materials by the FEM / J. Sladek, V. Sladek, M. Repka,
C.L. Tan // Theoretical and Applied Fracture Mechanics. — 2016. —
Vol. 86, part I. — P. 332-341.

7. Patil P., Vysasarayani C.P., Ramji M. Linear least
squares approach for evaluating crack tip fracture parameters using
isochromatic and isoclinic data from digital photoelasticity // Op-
tics and Lasers in Engineering. — 2017. — Vol. 93. — P. 182-194.

8. Dolgikh V.S., Stepanova L.V. A photoelastic and numer-
ic study of the stress field in the vicinity of two interacting cracks:
Stress intensity factors, T-stresses and higher order terms // AIP
Conference Proceedings. — 2020. — Vol. 2216. — P. 020014.

9. Jobin T.M., Khaderi S.N., Ramji M. Experimental
evaluation of the strain intensity factor at the inclusion tip using
digital photoelasticity // Optics and Lasers in Engineering. — 2020. —
Vol. 126. — P. 105855.

10. Yuan Y., Sheng C., Zhang Z. Unified Theoretical Model
of Caustic Method for the Interfacial Cracks // Engineering Frac-
ture Mechanics. — 2020. — VVol. 233. — P. 107006.

11. Vivekanandan A., Ramesh K. Study of interaction ef-
fects of asymmetric cracks under biaxial loading using digital pho-
toelasticity // Theoretical and Applied Fracture Mechanics. —
2019. — Vol. 99. - P. 104-117.

12. Stepanova L.V. The algorithm for the determination of
the Williams asymptotic expansion coefficients for notched
semidiscs using the photoelasticity method and finite element
method // AIP Conference Proceedings. — 2020. — Vol. 2216. —
P. 020013.

13. Stepanova L.V., Roslyakov P.S. Complete Williams as-
ymptotic expansion of the stress field near the crack tip: analytical
solutions, interference-optic methods and numerical experiments //
AIP Conference. — 2016. — VVol. 1785. — P. 030029.

14. Liao M., Zhang P. An improved approach for computa-
tion of stress intensity factors using the finite element method //

Acknowledgement

The reported study was funded by RFBR, project num-
ber 19-01-00631".

Theoretical and Applied Fracture Mechanics. — 2019. — Vol. 101. -
P. 185-190.

15. Hello G., Tahar M.B., Roelandt J.M. Analytical determi-
nation of coefficients in crack-tip stress expansions for a finite
crack in an infinite plane medium // International Journal of Solids
and Structures. — 2012. — Vol. 49. — P. 556-566.

16. Hello G. Derivation of complete crack-tip stress expan-
sions from Westergaard-Sanford solutions // International Journal
of Solids and Structures. — 2018. — Vol. 144-145. — P. 265-275.

17. Koceruna JI.H. AcumnroTndeckoe mpeACTaBICHUE OIS
HaNnpsDKEHUH Y BEpIIMHBI TPEUIMHBI AJSI IUIACTHHBI C OOKOBBIMH
Hagpe3aMUu: TCOPETHYECKOE HCCIICAOBAHUE U BBIYHCIIUTEIBLHBIN
skcriepuMenT // BectHuk Camapckoro yHunBepcutera. EcTecTBeH-
HoHayuHas cepust. — 2018. — T. 24, Ne 2. — C. 55-66.

18. Stepanova L.V., Roslyakov P., Lomakov P. A photoelastic
study for multiparametric analysis of the near crack tip stress field
under mixed mode loading // Procedia Structural Integrity. —
2016. - Vol. 2. — P. 1797-1804.

19. Stepanova L.V., Dolgikh V.S. Interference-optical meth-
ods in mechanics for the multi-parameter description of the stress
fields in the vicinity of the crack tip // Journal of Physics: Confer-
ence series. — 2018. — Vol. 1096(1). — P. 012117.

20. Stepanova L., Bronnikov S. A computational study of
the mixed-mode crack behavior by molecular dynamics method
and the multi-Parameter crack field description of classical frac-
ture mechanics // Theoretical and Applied Fracture Mechanics. —
2020. - Vol. 109. — P. 102691.

21. CrenanoBa JI.B. ACHMNOTOTHYECKHH aHAIK3 IMOJS Ha-
NPSDKEHHUH Y BEPIIMHBI TPEIMHbI (YYeT BBICIINX MpUOImKeHuit) //
Cubupckuii KypHall BBIYHCIHTENbHONH Marematuku. — 2019, —
T. 22, Ne 3. — C. 345-361.

22. Stepanova L.V., Dolgikh V.S., Turkova V.A. Digital
photoelasticity for calculating coefficients of the Williams series
expansion in plate with two collinear cracks under mixed mode
loading // Ceur Workshop Proceedings. — 2017. — Vol. 1904. —
P. 200-208.

23. Mirzaei A.M., Ayatollahi M.R., Bahrami B. Asymptotic
stress field and the coefficients of singular and higher order terms
for V-notches with end holes under mixed — mode loading // Inter-
national Journal of Solids and Structures. — 2019. — Vol. 172-173. —
P. 51-69.

24. Stepanova L., Bronnikov S. Mathematical modeling of
the crack growth in linear isotropic materials by conventional frac-
ture mechanics approaches and by molecular dynamics method:
Crack propagation direction angle under mixed mode loading //
Journal of Physics: Conference Series. — 2018. — Vol. 973. —
P. 012046.

25. Elastic stress analysis of blunt V-notches under mixed
mode loading by considering higher order terms / A.M. Mirzaei,
M.R. Ayatollahi, B. Bahrami, F. Berto // Applied Mathematical
Modelling. — 2020. — Vol. 78. — P. 665-684.

26. Malikova L., Miarka P., Simonova H. Utilization of Wil-
liams power series for estimation of crack behavior under mixed-
mode loading // Key Engineering Materials. — 2020. — Vol. 827. —
P. 203-208.

83



Stepanova L.V./ PNRPU Mechanics Bulletin 1 (2021) 72-85

27. Multi-parameter fracture mechanics: crack path in a
mixed-mode specimen / L. Malikova, H. Simonova, B. Kucharczykova,
P. Miarka // Frattura ed Integrita Strutturale. — 2019. — Vol. 13. —
P. 65-73.

28. Ruzicka V., Malikova L., Seitl S. Over-deterministic
method: The influence of rounding numbers on accuracy of the
values of Williams’ expansion terms // Frattura ed Integrita
Strutturale. — 2017. — Vol. 11, no. 42. — P. 128-135.

29. Stepanova L. Influence of higher-order terms of the Wil-
liams expansion on the crack-tip stress field for mixed-mode load-
ings: Asymptotic solutions and interference-optical methods of
solid mechanics // ICF 2017 — 14" International Conference on
Fracture. —2017. — Vol. 2. — P. 110-111.

30. Tada H., Paris P.C., Irwin G.R. The stress analysis of
cracks handbook. — New York: ASME, 2000. — 696 p.

31. Kachanov M., Shafiro B., Tsurkov |. Handbook of Elas-
ticity Solutions. — Netherlands: Springer, 2003. — 329 p.

32. Savruk M.P., Kazberuk A. Stress Concentration at
Notches. — Switzerland, Springer, 2017. — 510 p.

33. Murakami Y. Theory of elasticity and stress concentra-
tion. — John Wiley & Sons, 2017. — 446 p.

34. Ren Z., Xie H., Ju Y. Quantification of photoelastic fringe
orders using polarized light camera and continuous loading // Optic
and Lasers in Engineering. — 2020. — Vol. 134. — P. 106263.

35. Ramesh K., Sasikumar S. Digital photoelasticity: Recent
developments and diverse applications // Optics and Lasers in
Engineering. — 2020. — P. 106186.

36. Liu P., Fu G., Ren Z. Visualization of full-field stress
evolution during 3D penetrated crack propagation through 3D
printing and frozen stress techniques // Engineering Fracture Me-
chanics. — 2020. — Vol. 236. — P. 107222.

References

1. Miarka P., Cruces A.S., Seitl S., Malikova L., Lopez-
Crespo P. Evaluation of the SIF and T-stress values of the Brazili-
an disc with a central notch by hybrid method. International Jour-
nal of Fatigue, 2020, wvol. 135, 105562. DOI:
10.1016/j.ijfatigue.2020.105562

2. Li H.,, Guo R., Cheng H. Calculation of stress intensity fac-
tors of matrix crack tip in particle reinforced composites using the
singular Voronoi cell finite element method. Theoretical and Ap-
plied Fracture Mechanics, 2019, vol. 101, pp. 269-278. DOI:
10.1016/j.tafmec.2019.03.008

3.Yao S, Chen C., Niu Z., Hu Z. Evaluation of notch stress
intensity factors by the asymptotic expansion technique coupled
with the finite element method. Applied Mathematical Modelling,
2018, vol. 61, pp. 682-692. DOI: 10.1016/j.apm.2018.05.011

4. Roux — Langlois C., Gravouil A., Baietto M.-C., Rethore J.,
Mathieu F., Hild F., Roux S. DIC identification and X-FEM simu-
lation of fatigue crack growth based on the Williams’ series. Inter-
national Journal of Solids and Structures, 2015, vol. 53, pp. 38-47.
DOI: 10.1016/j.ijsolstr.2014.10.026

5. Akhondzadeh Sh., Khoei A.R., Broumand P. An efficient
strategy for modelling stress singularities in isotropic composite mate-
rials with X-FEM technique. Engineering Fracture Mechanics, 2017,
vol. 169, pp. 201-225. DOI: 10.1016/j.engfracmech.2016.11.019

6. Sladek J., Sladek V., Repka M., Tan C.L. Evaluation of the
T-stress for cracks in functionally graded materials by the FEM.
Theoretical and Applied Fracture Mechanics, 2016, vol. 86, Part |
, pp- 332-341. DOI: 10.1016/j.tafmec.2016.09.004

7. Patil P., Vysasarayani C.P., Ramji M. Linear least squares
approach for evaluating crack tip fracture parameters using iso-

84

37. Vivekanandan A., Ramesh K. Study of crack interaction ef-
fects under thermal loading by digital photoelasticity and finite ele-
ments // Experimental Mechanics. — 2020. — Vol. 60(3). — P. 295-316.

38. Vivekanandan A., Ramesh K. Study of interaction ef-
fects of asymmetric cracks under biaxial loading using digital pho-
toelasticity // Theoretical and Applied Fracture Mechanics. —
2019. - Vol. 99. - P. 104-117.

39. Solaguren-Beascoa Fernandez M. Evaluation of uncer-
tainty in the measurement of the crack-tip stress field using photo-
elasticity // J Strain Anal Eng Des. — 2019. — Vol. 54. — P. 24-35.

40. Le$niewska D., Radosz I., Pietrzak M. Photo-Elastic Ob-
servation of Loading and Crushing of a Single Grain // In: Giovine
P, editor. Micro to Macro Math. Model. Soil Mech. Trends
Math. — Switzerland: Springer Nature, 2019. — P. 213-223

41. Fernandez M.S.B. Metrological considerations in the
measurement of contact stress parameters using photoelasticity //
Optics and Lasers in Engineering. — 2019. — Vol. 117. — P. 29-39.

42. Zerkal S.M., Tabanyukhova M.V. Photoelastic analysis
of stress concentration near the vertices of the crack-cuts // Innova-
tion in life. — 2019. — Ne 2(29). — P. 126-133.

43. Tabanyukhova M.V. Photoelastic analysis of the stressed
state of a flat element with geometrical stress concentrators (cutout and
cuts) // Key Engineering Materials. — 2020. — Vol. 827. — P. 330-335.

44, Thomre M., Ramesh K. Evaluation of Fracture Parameters
of Cracks in Compressor Blade Root Using Digital Photoelasticity //
Lecture Notes in Mechanical Engineering. — 2020. — P. 557-566.

45. Jobin T.M., Khaderi S.N., Ramji M. Experimental evalua-
tion of the strain intensity factor at the rigid line inclusion tip em-
bedded in an epoxy matrix using digital image correlation // Theo-
retical and Applied Fracture Mechanics. — 2020. — Vol. 106. —
P. 102425.

chromatic and isoclinic data from digital photoelasticity. Optics
and Lasers in Engineering, 20176 vol. 93, pp. 182-194. DOI:
10.1016/j.optlaseng.2017.02.003

8. Dolgikh V.S., Stepanova L.V. A photoelastic and numeric
study of the stress field in the vicinity of two interacting cracks:
Stress intensity factors, T-stresses and higher order terms. AIP
Conference Proceedings, 2020, vol. 2216, 020014. DOI:
10.1063/5.0003507

9. Jobin T.M., Khaderi S.N., Ramji M. Experimental evalua-
tion of the strain intensity factor at the inclusion tip using digital
photoelasticity. Optics and Lasers in Engineering, 2020, vol. 126,
105855. DOI: 10.1016/j.optlaseng.2019.105855

10. Yuan Y., Sheng C., Zhang Z. Unified Theoretical Model
of Caustic Method for the Interfacial Cracks. Engineering Frac-
ture Mechanics, 2020, vol. 233, 107006.

11. Vivekanandan A., Ramesh K. Study of interaction effects
of asymmetric cracks under biaxial loading using digital photoe-
lasticity. Theoretical and Applied Fracture Mechanics, 2019,
vol. 99, pp. 104-117. DOI: 10.1016/j.tafmec.2018.11.011

12. Stepanova L.V. The algorithm for the determination of the
Williams asymptotic expansion coefficients for notched semidiscs
using the photoelasticity method and finite element method. AIP
Conference Proceedings, 2020, vol. 2216, 020013. DOI:
10.1063/5.0003506

13. Stepanova L.V., Roslyakov P.S. Complete Williams as-
ymptotic expansion of the stress field near the crack tip: analytical
solutions, interference-optic methods and numerical experiments.
AIP  Conference, 2016, wvol. 1785, 030029. DOI:
10.1063/1.4967050



Cmenanosa JI.B. / Becmnux ITHUTTY. Mexanuxa 1 (2021) 72-85

14.Liao M., Zhang P. An improved approach for computation
of stress intensity factors using the finite element method. Theoret-
ical and Applied Fracture Mechanics, 2019, vol. 101, pp. 185-190.
DOI: 10.1016/j.tafmec.2019.02.019

15. Hello G., Tahar M.B., Roelandt J.M. Analytical determination
of coefficients in crack-tip stress expansions for a finite crack in an
infinite plane medium. International Journal of Solids and Structures,
2012, vol. 49, pp. 556-566. DOI: 10.1016/j.ijsolstr.2016.06.032

16. Hello G. Derivation of complete crack-tip stress expan-
sions from Westergaard-Sanford solutions. International Journal
of Solids and Structures, 2018, vol. 144-145, pp. 265-275. DOI:
10.1016/j.ijsolstr.2018.05.012

17. Kosygina L.N. Asymptotic presentation of the stress field
near the crack tip of an infinite plate with two semi-infinite sym-
metrical edge notches: theoretical study and computational ex-
periment. Vestnik of Samara University, 2018, vol. 24(2), pp. 55-
66. DOI: 10.18287/2541-7525-2018-24-2-55-66

18. Stepanova Larisa V., Roslyakov Pavel, Lomakov Pavel A
photoelastic study for multiparametric analysis of the near crack tip
stress field under mixed mode loading. Procedia Structural Integrity,
2016, vol. 2. pp. 1797-1804. DOI: 10.1016/j.prostr.2016.06.226

19. Stepanova L.V., Dolgikh V.S. Interference-optical
methods in mechanics for the multi-parameter description of
the stress fields in the vicinity of the crack tip. Journal of
Physics: Conference series, 2018, vol. 1096(1), 012117. DOI:
10.1088/1742-6596/1096/1/012117

20.Stepanova L., Bronnikov S. A computational study of the
mixed-mode crack behavior by molecular dynamics method and
the multi-Parameter crack field description of classical fracture
mechanics. Theoretical and Applied Fracture Mechanics, 2020,
vol. 109, 102691. DOI: 10.1016/j.tafmec.2020.102691

21. Stepanova L.V. Asymptotic analysis of the crack tip stress
field (Consideration of higher order terms). Numerical Analysis
and Applications, 2019, vol. 12(3), pp. 284-296. DOI:
10.1134/51995423919030078

22. Stepanova L.V, Dolgikh V.S., Turkova V.A. Digital pho-
toelasticity for calculating coefficients of the Williams series ex-
pansion in plate with two collinear cracks under mixed mode load-
ing. Ceur Workshop Proceedings, 2017, vol. 1904, pp. 200-208.
DOI: 10.18287/1613-0073-2017-1904-200-208

23. Mirzaei A.M., Ayatollahi M.R., Bahrami B. Asymptotic
stress field and the coefficients of singular and higher order terms
for V-notches with end holes under mixed — mode loading. Inter-
national Journal of Solids and Structures, 2019, vol. 172-173,
pp. 51-69. DOI: 10.1016/j.ijsolstr.2019.05.011

24. Stepanova L., Bronnikov S. Mathematical modeling of the
crack growth in linear isotropic materials by conventional fracture
mechanics approaches and by molecular dynamics method: Crack
propagation direction angle under mixed mode loading. Journal of
Physics: Conference Series, 2018, vol. 973, 012046. DOI:
10.1088/1742-6596/973/1/012046

25. Mirzaei A.M., Ayatollahi M.R., Bahrami B., Berto F. Elastic
stress analysis of blunt V-notches under mixed mode loading by con-
sidering higher order terms. Applied Mathematical Modelling, 2020,
vol. 78, pp. 665-684. DOI: 10.1016/j.apm.2019.09.049

26. Malikova L., Miarka P., Simonova H., Utilization of Wil-
liams power series for estimation of crack behavior under mixed-
mode loading. Key Engineering Materials, 2020, vol. 827,
pp. 203-208. DOI: 10.4028/www.scientific.net/KEM.827.203

27. Malikova L., Simonova H., Kucharczykova B., Miarka P.
Multi-parameter fracture mechanics: crack path in a mixed-mode
specimen. Frattura ed Integrita Strutturale, 2019, vol. 13,
pp. 65-73. DOI: 10.3221/IGF-ESIS.49.07

28. Ruzicka V., Malikova L., Seitl S. Over-deterministic method:
The influence of rounding numbers on accuracy of the values of Wil-
liams’ expansion terms. Frattura ed Integrita Strutturale, 2017,
vol. 11, no. 42, pp. 128-135. DOI: 10.3221/IGF-ESIS.42.14

29. Stepanova L. Influence of higher-order terms of the Wil-
liams expansion on the crack-tip stress field for mixed-mode load-
ings: Asymptotic solutions and interference-optical methods of
solid mechanics. ICF 2017 -14" International Conference on
Fracture, 2017, vol. 2, pp. 110-111.

30. Tada H., Paris P.C., Irwin G.R. The stress analysis of
cracks handbook. ASME. New York, 2000, 696 p.

31. Kachanov M., Shafiro B., Tsurkov I. Handbook of Elastic-
ity Solutions. Netherlands: Springer, 2003, 329 p.

32. Savruk M.P., Kazberuk A. Stress Concentration at Notch-
es. Switzerland, Springer, 2017, 510 p.

33. Murakami Y. Theory of elasticity and stress concentra-
tion. John Wiley & Sons, 2017, 446 p.

34. Ren Z., Xie H., Ju Y. Quantification of photoelastic fringe
orders using polarized light camera and continuous loading. Optic
and Lasers in Engineering, 2020, vol. 134, 106263. DOI:
10.1016/j.optlaseng.2020.106263

35. Ramesh K., Sasikumar S. Digital photoelasticity: Recent
developments and diverse applications. Optics and Lasers in Engi-
neering, 2020, 106186. DOI: 10.1016/j.optlaseng.2020.106186

36. Liu P., Fu G., Ren Z. Visualization of full-field stress evo-
lution during 3D penetrated crack propagation through 3D printing
and frozen stress techniques// Engineering Fracture Mechanics,
2020, vol. 236, 107222. DOI: 10.1016/j.engfracmech.2020.107222

37. Vivekanandan A., Ramesh K. Study of crack interaction
effects under thermal loading by digital photoelasticity and finite
elements. Experimental Mechanics, 2020, vol. 60(3), pp. 295-316.
DOI: 10.1007/s11340-019-00561-9

38. Vivekanandan A., Ramesh K. Study of interaction effects
of asymmetric cracks under biaxial loading using digital photoe-
lasticity, Theoretical and Applied Fracture Mechanics, 2019,
vol. 99, pp. 104-117. DOI: 10.1016/j.tafmec.2018.11.011

39. Solaguren-Beascoa Fernandez M. Evaluation of uncertain-
ty in the measurement of the crack-tip stress field using photoelas-
ticity. Journal of Strain Analysis Eng Des, 2019, vol. 54,
pp. 24-35. DOI: 10.1177/0309324718807828.

40. Lesniewska D, Radosz I, Pietrzak M. Photo-Elastic Observa-
tion of Loading and Crushing of a Single Grain. In: Giovine P, editor.
Micro to Macro Math. Model. Soil Mech. Trends Math., Switzerland:
Springer Nature, 2019. p. 213-23. DOI: 10.1007/978-3-319-99474-1_22.

41. Fernandez MSB. Metrological considerations in the meas-
urement of con- tact stress parameters using photoelasticity. Optics
and Lasers in Engineering, 2019, vol. 117, pp. 29-39. DOI:
10.1016/j.optlaseng.2019.01.009 .

42. Zerkal S.M., Tabanyukhova M.V. Photoelastic analysis of
stress concentration near the vertices of the crack-cuts. Innovation
in life, 2019, no. 2(29), 126-133.

43. Tabanyukhova M.V. Photoelastic analysis of the stressed
state of a flat element with geometrical stress concentrators (cutout
and cuts). Key Engineering Materials, 2020, vol. 827, pp. 330-335.
DOI: 10.4028/www.scientific.net/KEM.827.330.

44. Thomre M., Ramesh K. Evaluation of Fracture Parameters
of Cracks in Compressor Blade Root Using Digital Photoelasticity.
Lecture Notes in Mechanical Engineering. 2020, pp. 557-566.

45. Jobin T.M., Khaderi S.N., Ramji M. Experimental evalua-
tion of the strain intensity factor at the rigid line inclusion tip em-
bedded in an epoxy matrix using digital image correlation. Theo-
retical and Applied Fracture Mechanics, 2020, vol. 106, 102425.
DOI: 10.1016/j.tafmec.2019.102425

85



