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ʆʧʫʙʣʠʢʦʚʘʥʘ: 12 ʠʶʣ̫ 2021 ʛ. 

 ɺ ʨʘʙʦʪʝ ʚʧʝʨʚʳʝ ʧʨʝʜʩʪʘʚʣʝʥʦ ʘʥʘʣʠʪʠʯʝʩʢʦʝ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ ʦ ʩʚʦʙʦʜʥʳʭ ʢʦʣʝʙʘ-
ʥʠʷʭ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʪʦʣʩʪʦʡ ʦʨʪʦʪʨʦʧʥʦʡ ʧʣʘʩʪʠʥʳ. ɼʘʥʥʘʷ ʟʘʜʘʯʘ ʷʚʣʷʝʪʩʷ 
ʜʦʩʪʘʪʦʯʥʦ ʛʨʦʤʦʟʜʢʦʡ ʜʣʷ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʪʦʯʥʳʭ ʤʝʪʦʜʦʚ ʪʝʦʨʠʠ ʫʧʨʫʛʦʩʪʠ, ʚ ʩʚʷʟʠ ʩ 

ʯʝʤ ʜʣʷ ʝʝ ʨʝʰʝʥʠʷ ʨʘʟʨʘʙʘʪʳʚʘʣʠʩʴ ʤʝʪʦʜʳ ʥʘ ʦʩʥʦʚʝ ʚʘʨʠʘʮʠʦʥʥʦʛʦ ʧʦʜʭʦʜʘ. ɺ ʩʪʘʪʴʝ 
ʧʨʝʜʣʘʛʘʝʪʩʷ ʠʩʧʦʣʴʟʦʚʘʪʴ ʤʝʪʦʜ ʩʫʧʝʨʧʦʟʠʮʠʠ ʜʣʷ ʧʦʩʪʨʦʝʥʠʷ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝ-
ʥʠʡ ʢʦʣʝʙʘʥʠʡ ʧʣʘʩʪʠʥʳ ʚ ʚʠʜʝ ʨʷʜʘ ʧʦ ʯʘʩʪʥʳʤ ʨʝʰʝʥʠʷʤ, ʧʦʣʫʯʝʥʥʳʤ ʥʘ ʦʩʥʦʚʝ ʨʘʟ-

ʜʝʣʝʥʠʷ ʧʝʨʝʤʝʥʥʳʭ. ʇʨʠ ʵʪʦʤ ʯʘʩʪʥʳʝ ʨʝʰʝʥʠʷ ʧʦ ʦʜʥʦʡ ʠʟ ʢʦʦʨʜʠʥʘʪ ʚʳʙʠʨʘʶʪʩʷ ʚ 
ʬʦʨʤʝ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʭ ʬʫʥʢʮʠʡ ʩʧʝʮʠʘʣʴʥʦʛʦ ʚʠʜʘ (ʤʦʜʠʬʠʮʠʨʦʚʘʥʥʘʷ ʪʨʠʛʦʥʦʤʝʪ-
ʨʠʯʝʩʢʘʷ ʩʠʩʪʝʤʘ). ʇʦʩʪʨʦʝʥʥʦʝ ʨʝʰʝʥʠʝ, ʚ ʦʪʣʠʯʠʝ ʠʟʚʝʩʪʥʳʭ ʚ ʣʠʪʝʨʘʪʫʨʝ ʨʝʰʝʥʠʡ ʥʘ 

ʦʩʥʦʚʝ ʚʘʨʠʘʮʠʦʥʥʦʛʦ ʧʦʜʭʦʜʘ, ʪʦʯʥʦ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʫʨʘʚʥʝʥʠʷʤ ʢʦʣʝʙʘʥʠʡ. ʀʩʧʦʣʴʟʦʚʘ-
ʥʠʝ ʤʦʜʠʬʠʮʠʨʦʚʘʥʥʦʡ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʩʠʩʪʝʤʳ ʬʫʥʢʮʠʡ ʧʦʟʚʦʣʷʝʪ ʧʦʣʫʯʠʪʴ ʝʜʠʥʦ-
ʦʙʨʘʟʥʳʝ ʚʳʢʣʘʜʢʠ ʜʣʷ ʯʝʪʥʳʭ ʠ ʥʝʯʝʪʥʳʭ ʬʦʨʤ ʢʦʣʝʙʘʥʠʡ ʠ ʫʤʝʥʴʰʠʪʴ ʯʠʩʣʦ ʛʨʘʥʠʯʥʳʭ 

ʫʩʣʦʚʠʡ ʥʘ ʩʪʦʨʦʥʘʭ ʧʣʘʩʪʠʥʳ ʩ 12 ʜʦ 9, ʧʨʠ ʵʪʦʤ 5 ʠʟ 9 ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ ʪʘʢʞʝ ʚʳʧʦʣ-
ʥʷʶʪʩʷ ʪʦʯʥʦ. ʉʪʨʫʢʪʫʨʘ ʧʨʝʜʩʪʘʚʣʝʥʥʦʛʦ ʨʝʰʝʥʠʷ ʪʘʢʦʚʘ, ʯʪʦ ʥʘ ʛʨʘʥʠʮʝ ʧʣʘʩʪʠʥʳ ʢʘʞ-
ʜʘʷ ʠʟ ʢʠʥʝʤʘʪʠʯʝʩʢʠʭ ʠʣʠ ʩʠʣʦʚʳʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʧʣʘʩʪʠʥʳ ʧʨʝʜʩʪʘʚʣʷʝʪʩʷ ʚ ʚʠʜʝ ʩʫʤ-

ʤʳ ʜʚʫʭ ʨʷʜʦʚ ï ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʛʦ ʨʷʜʘ ʠ ʨʷʜʘ ʧʦ ʛʠʧʝʨʙʦʣʠʯʝʩʢʠʤ ʬʫʥʢʮʠʷʤ. ʆʪʥʦʩʠ-
ʪʝʣʴʥʦ ʥʝʦʧʨʝʜʝʣʝʥʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʨʷʜʦʚ, ʧʨʝʜʩʪʘʚʣʷʶʱʠʭ ʨʝʰʝʥʠʝ, ʠʟ ʦʩʪʘʚʰʠʭʩʷ 
ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ, ʧʦʣʫʯʝʥʘ ʙʝʩʢʦʥʝʯʥʘʷ ʩʠʩʪʝʤʘ ʣʠʥʝʡʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ. 

ʉʭʦʜʠʤʦʩʪʴ ʨʝʰʝʥʠʷ ʙʝʩʢʦʥʝʯʥʦʡ ʩʠʩʪʝʤʳ ʧʦ ʤʝʪʦʜʫ ʨʝʜʫʢʮʠʠ ʠʩʩʣʝʜʫʝʪʩʷ ʯʠʩʣʝʥʥʦ. 
ʇʨʠʚʝʜʝʥʳ ʧʨʠʤʝʨʳ ʯʠʩʣʝʥʥʦʡ ʨʝʘʣʠʟʘʮʠʠ, ʥʘ ʦʩʥʦʚʝ ʧʦʣʫʯʝʥʥʦʛʦ ʨʝʰʝʥʠʷ ʚʳʧʦʣʥʝʥʳ 
ʯʠʩʣʝʥʥʳʝ ʠʩʩʣʝʜʦʚʘʥʠʷ ʩʧʝʢʪʨʘ ʩʦʙʩʪʚʝʥʥʳʭ ʯʘʩʪʦʪ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʪʦʣʩʪʦʡ 

ʧʣʘʩʪʠʥʳ, ʢʘʢ ʧʨʠ ʚʘʨʠʘʮʠʠ ʫʧʨʫʛʠʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʤʘʪʝʨʠʘʣʘ, ʪʘʢ ʠ ʧʨʠ ʚʘʨʠʘʮʠʠ ʛʝʦʤʝʪ-
ʨʠʯʝʩʢʠʭ ʧʘʨʘʤʝʪʨʦʚ. 
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 It has been for the first time that an analytical solution to the problem of free vibrations of a 

cantilevered thick orthotropic plate is presented. This problem is quite cumbersome for using the 
exact methods of the theory of elasticity; therefore, methods based on the variational approach 
were developed to solve it. The paper suggests using the superposition method to construct a 

general solution of the vibration equations of a plate in the series form of particular solutions ob-
tained with the help of a variables separation. The particular solutions of one of the coordinates 
are built in the form of trigonometric functions of a special type (modified trigonometric system). 
The constructed solution, in contrast to the solutions known in the literature on the basis of the 

variational approach, accurately satisfies the equations of vibrations. The use of a modified trigo-
nometric system of functions makes it possible to obtain uniform formulas for even and odd vibra-
tion shapes and to reduce the quantity of boundary conditions on the plate sides from twelve to 

nine ones, while five of the nine boundary conditions are also accurately satisfied. The structure 
of the presented solution on the plate boundary is such that, each of the kinematic or force char-
acteristics of the plate is represented as a sum of two series, i.e. a trigonometric series and a 

series in hyperbolic functions. Remaining boundary conditions make it possible to obtain an infi-
nite system of linear algebraic equations with respect to the unknown coefficients of the series 
representing the solution. The convergence of the solution by the reduction method of the infinite 

system is investigated numerically. Examples of the numerical implementation are given; numeri-
cal studies of the spectrum of natural frequencies of the cantilevered thick plate were carried out 
based on the obtained solution, both with varying elastic characteristics of the material and with 

varying geometric parameters. 
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ʇʨʦʙʣʝʤʘ ʢʦʣʝʙʘʥʠʡ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʳʭ ʧʣʘ-

ʩʪʠʥ ʦʪʥʦʩʠʪʩʷ ʢ ʦʜʥʦʡ ʠʟ ʥʘʠʙʦʣʝʝ ʜʘʚʥʠʭ ʟʘʜʘʯ ʤʝʭʘ-

ʥʠʢʠ ʜʝʬʦʨʤʠʨʦʚʘʥʥʦʛʦ ʪʚʝʨʜʦʛʦ ʪʝʣʘ. ʕʣʝʤʝʥʪʳ 

ʚ ʬʦʨʤʝ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʳʭ ʧʦ ʦʜʥʦʤʫ ʠʟ ʢʨʘʝʚ 

ʧʨʷʤʦʫʛʦʣʴʥʳʭ ʧʣʘʩʪʠʥ ʤʦʞʥʦ ʚʩʪʨʝʪʠʪʴ ʚʦ ʤʥʦʛʠʭ ʪʝʭ-

ʥʠʯʝʩʢʠʭ ʠ ʩʪʨʦʠʪʝʣʴʥʳʭ ʢʦʥʩʪʨʫʢʮʠʷʭ, ʦʥʠ ʷʚʣʷʶʪʩʷ 

ʥʝʦʪʲʝʤʣʝʤʳʤʠ ʵʣʝʤʝʥʪʘʤʠ ʟʜʘʥʠʡ, ʘʚʠʘʮʠʦʥʥʦʛʦ ʠ ʘʚ-

ʪʦʤʦʙʠʣʴʥʦʛʦ ʪʨʘʥʩʧʦʨʪʘ, ʨʘʟʣʠʯʥʳʭ ʧʨʠʙʦʨʦʚ. ʇʦ ʵʪʦʡ 

ʧʨʠʯʠʥʝ ʧʝʨʚʳʝ ʨʘʙʦʪʳ, ʧʦʩʚʷʱʝʥʥʳʝ ʧʨʦʙʣʝʤʝ ʢʦʣʝʙʘ-

ʥʠʡ ʧʦʜʦʙʥʳʭ ʧʣʘʩʪʠʥ, ʚ ʨʘʤʢʘʭ ʪʝʦʨʠʠ ʪʦʥʢʠʭ ʧʣʘʩʪʠʥ 

ʦʪʥʦʩʷʪʩʷ ʢ ʩʝʨʝʜʠʥʝ ʍʍ ʚ. Young [1], ʠʩʧʦʣʴʟʫʷ ʧʨʦʠʟ-

ʚʝʜʝʥʠʷ ʙʘʣʦʯʥʳʭ ʬʫʥʢʮʠʡ ʚ ʢʘʯʝʩʪʚʝ ʙʘʟʠʩʘ ʤʝʪʦʜʘ 

ʈʝʣʝʷ ï ʈʠʪʮʘ, ʦʜʥʠʤ ʠʟ ʧʝʨʚʳʭ ʧʦʣʫʯʠʣ ʜʦʩʪʘʪʦʯʥʦ 

ʪʦʯʥʳʝ ʚʝʨʭʥʠʝ ʦʮʝʥʢʠ ʩʦʙʩʪʚʝʥʥʳʭ ʯʘʩʪʦʪ ʢʦʣʝʙʘʥʠʡ 

ʠʟʦʪʨʦʧʥʦʡ ʢʚʘʜʨʘʪʥʦʡ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʧʣʘʩʪʠ-

ʥʳ. ɺ ʨʘʙʦʪʘʭ [2, 3] ʜʣʷ ʨʝʰʝʥʠʷ ʪʦʡ ʞʝ ʧʨʦʙʣʝʤʳ ʙʳʣʦ 

ʧʨʝʜʣʦʞʝʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʤʝʪʦʜ, ʦʩʥʦʚʘʥʥʳʡ ʥʘ ʚʘʨʠʘ-

ʮʠʦʥʥʦʤ ʧʨʠʥʮʠʧʝ ʈʝʡʩʥʝʨʘ. ɿʘʤʝʪʠʤ, ʯʪʦ ʧʨʠ ʵʪʦʤ ʧʦʜ-

ʭʦʜʝ ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ ʥʘ ʩʚʦʙʦʜʥʳʭ ʩʪʦʨʦʥʘʭ ʧʣʘʩʪʠ-

ʥʳ ʚʳʧʦʣʥʷʣʠʩʴ ʥʝ ʧʦʣʥʦʩʪʴʶ, ʚ ʯʘʩʪʥʦʩʪʠ ʫʩʣʦʚʠʷ ʥʘ 

ʩʜʚʠʛʦʚʳʝ ʩʠʣʳ ʠʛʥʦʨʠʨʦʚʘʣʠʩʴ. ɺ ʨʘʙʦʪʘʭ [4ï6] ʨʘʟʚʠ-

ʪʳ ʤʦʜʠʬʠʢʘʮʠʠ ʤʝʪʦʜʘ ʈʝʣʝ ̫ï ʈʠʪʮʘ ʜʣʷ ʘʥʘʣʠʟʘ ʢʦʣʝ-

ʙʘʥʠʡ ʧʨʷʤʦʫʛʦʣʴʥʳʭ ʠʟʦʪʨʦʧʥʳʭ ʧʣʘʩʪʠʥ ʚ ʩʣʫʯʘʝ ʢʦʥ-

ʩʦʣʴʥʦʛʦ ʟʘʱʝʤʣʝʥʠʷ, ʢʦʪʦʨʳʝ ʧʦʟʚʦʣʠʣʠ ʩ ʜʦʩʪʘʪʦʯʥʦʡ 

ʪʦʯʥʦʩʪʴʶ ʥʘʡʪʠ ʧʝʨʚʳʝ ʩʦʙʩʪʚʝʥʥʳʝ ʯʘʩʪʦʪʳ ʧʣʘʩʪʠʥʳ 

ʠ ʧʦʩʪʨʦʠʪʴ ʩʦʙʩʪʚʝʥʥʳʝ ʬʦʨʤʳ ʢʦʣʝʙʘʥʠʡ. ʄʦʞʥʦ ʟʘ-

ʤʝʪʠʪʴ, ʯʪʦ ʚʦ ʚʩʝʭ ʫʧʦʤʷʥʫʪʳʭ ʨʘʙʦʪʘʭ ʠʩʧʦʣʴʟʫʶʪʩʷ 

ʤʝʪʦʜʳ, ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʚʘʨʠʘʮʠʦʥʥʦʤ ʧʦʜʭʦʜʝ. 

ʆʜʥʘʢʦ, ʢʘʢ ʠʟʚʝʩʪʥʦ, ʚ ʨʷʜʝ ʧʨʠʢʣʘʜʥʳʭ ʟʘʜʘʯ ʪʝʦ-

ʨʠʷ ʪʦʥʢʠʭ ʧʣʘʩʪʠʥ ʟʘʯʘʩʪʫʶ ʥʝ ʧʦʟʚʦʣʷʝʪ ʘʜʝʢʚʘʪʥʦ 

ʦʧʠʩʘʪʴ ʩʪʨʫʢʪʫʨʥʳʡ ʵʣʝʤʝʥʪ, ʯʪʦ ʧʨʠʚʝʣʦ ʢ ʨʘʟʚʠʪʠʶ 

ʪʝʦʨʠʡ ʪʦʣʩʪʳʭ ʧʣʘʩʪʠʥ, ʚ ʯʘʩʪʥʦʩʪʠ ʪʝʦʨʠʠ ʈʝʡʩʥʝʨʘ ï 

ʄʠʥʜʣʠʥʘ [7]. ʆʜʥʦ ʠʟ ʧʝʨʚʳʭ ʪʝʦʨʝʪʠʯʝʩʢʠʭ ʠ ʵʢʩʧʝ-

ʨʠʤʝʥʪʘʣʴʥʳʭ ʠʩʩʣʝʜʦʚʘʥʠʡ ʢʦʣʝʙʘʥʠʡ ʪʦʣʩʪʳʭ ʢʦʥ-

ʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʳʭ ʧʣʘʩʪʠʥ ʧʨʝʜʩʪʘʚʣʝʥʦ ʚ [8]. ɺ ʨʘ-

ʙʦʪʝ Lim ʠ ʜʨ. [9] ʙʳʣ ʨʘʟʚʠʪ ʤʝʪʦʜ ʈʠʪʮʘ ʜʣʷ ʘʥʘʣʠʟʘ 

ʢʦʣʝʙʘʥʠʡ ʪʦʣʩʪʳʭ ʠʟʦʪʨʦʧʥʳʭ ʧʣʘʩʪʠʥ ʜʣʷ ʨʷʜʘ ʢʣʘʩ-

ʩʠʯʝʩʢʠʭ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ, ʚ ʪʦʤ ʯʠʩʣʝ ʜʣʷ ʢʦʥʩʦʣʴ-

ʥʦʛʦ ʟʘʱʝʤʣʝʥʠʷ. ɺ ʢʘʯʝʩʪʚʝ ʙʘʟʠʩʘ ʤʝʪʦʜʘ ʈʠʪʮʘ ʘʚʪʦ-

ʨʘʤʠ ʚʳʙʠʨʘʝʪʩʷ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʘʷ ʩʠʩʪʝʤʘ ʬʫʥʢʮʠʡ, 

ʦʙʝʩʧʝʯʠʚʘʶʱʘʷ ʢʘʢ ʚʳʧʦʣʥʝʥʠʝ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ, 

ʪʘʢ ʠ ʜʦʩʪʘʪʦʯʥʦ ʙʳʩʪʨʫʶ ʩʭʦʜʠʤʦʩʪʴ ʤʝʪʦʜʘ. ʄʝʪʦʜ 

ʈʠʪʮʘ ʠ ʝʛʦ ʤʦʜʠʬʠʢʘʮʠʠ ʦʩʪʘʶʪʩʷ ʦʩʥʦʚʦʡ ʜʣʷ ʪʝʦʨʝ-

ʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʳʭ ʧʣʘʩʪʠʥ ʠ 

ʥʘ ʩʝʛʦʜʥʷʰʥʠʡ ʜʝʥʴ. ʉʨʝʜʠ ʥʝʜʘʚʥʠʭ ʨʘʙʦʪ ʤʦʞʥʦ 

ʦʪʤʝʪʠʪʴ ʨʘʙʦʪʳ Liew ʠ ʜʨ. [10], ʛʜʝ ʧʦʣʫʯʝʥʳ ʩʦʙ-

ʩʪʚʝʥʥʳʝ ʯʘʩʪʦʪʳ ʢʦʣʝʙʘʥʠʡ ʥʘ ʦʩʥʦʚʝ pb-2 ʤʝʪʦʜʘ 

ʈʝʣʝʷ ï ʈʠʪʮʘ, ʚ ʨʘʙʦʪʝ Cheung ʠ Zhou [11] ʚ ʢʘʯʝʩʪʚʝ 

ʙʘʟʠʩʘ ʤʝʪʦʜʘ ʈʝʣʝʷ ïʈʠʪʮʘ ʧʨʝʜʣʘʛʘʝʪʩʷ ʚʟʷʪʴ ʩʪʘʪʠʯʝ-

ʩʢʠʝ ʙʘʣʦʯʥʳʝ ʬʫʥʢʮʠʠ. ɺʘʨʠʘʮʠʦʥʥʳʡ DSC ï element 

method ʙʳʣ ʧʨʝʜʣʦʞʝʥ [12] ʜʣʷ ʘʥʘʣʠʟʘ ʩʚʦʙʦʜʥʳʭ ʢʦ-

ʣʝʙʘʥʠʡ ʪʦʣʩʪʳʭ ʧʣʘʩʪʠʥ ʧʨʠ ʨʘʟʣʠʯʥʳʭ ʛʨʘʥʠʯʥʳʭ 

ʫʩʣʦʚʠʷʭ. ɺ ʨʘʙʦʪʝ [13] ʩʪʨʦʠʪʩʷ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ ʦ ʢʦ-

ʣʝʙʘʥʠʷʭ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʧʣʘʩʪʠʥʳ ʥʘ ʦʩʥʦʚʝ 

ʚʘʨʠʘʮʠʦʥʥʦʛʦ ʧʦʜʭʦʜʘ ʧʨʠʤʝʥʠʪʝʣʴʥʦ ʢ ʪʨʝʭʤʝʨʥʳʤ 

ʫʨʘʚʥʝʥʠʷʤ ʪʝʦʨʠʠ ʫʧʨʫʛʦʩʪʠ.  

ʅʘ ʦʩʥʦʚʝ ʘʥʘʣʠʪʠʯʝʩʢʠʭ ʨʝʰʝʥʠʡ [14] ʚ ʨʘʙʦʪʘʭ 

[15ï17] ʨʘʟʚʠʪ Dynamic Stiffness method ʜʣʷ ʢʦʣʝʙʘʥʠʡ 
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ʠʟʦʪʨʦʧʥʳʭ ʪʦʣʩʪʳʭ ʧʣʘʩʪʠʥ. ɺ ʩʪʘʪʴʝ [18] ʨʘʟʚʠʪ 

ʘʩʠʤʧʪʦʪʠʯʝʩʢʠʡ ʧʦʜʭʦʜ ʢ ʘʥʘʣʠʟʫ ʚʳʩʦʢʦʯʘʩʪʦʪʥʳʭ 

ʢʦʣʝʙʘʥʠʡ ʧʨʷʤʦʫʛʦʣʴʥʳʭ ʧʣʘʩʪʠʥ ʧʨʠ ʨʘʟʣʠʯʥʳʭ ʛʨʘ-

ʥʠʯʥʳʭ ʫʩʣʦʚʠʷʭ. ɼʣʷ ʧʦʣʫʯʝʥʠʷ ʯʠʩʣʝʥʥʦʛʦ ʨʝʰʝʥʠʷ 

ʠʩʩʣʝʜʫʝʤʦʡ ʟʘʜʘʯʠ ʚ [19, 20] ʠʩʧʦʣʴʟʫʝʪʩʷ ʤʝʪʦʜ ʢʦ-

ʥʝʯʥʳʭ ʨʘʟʥʦʩʪʝʡ, ʨʘʟʚʠʪʳʡ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʪʝʦʨʠʠ 

ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ. ʏʠʩʣʝʥʥʳʡ ʧʦʜʭʦʜ ʥʘ ʦʩʥʦʚʝ ʤʝʪʦʜʘ 

ʢʦʥʝʯʥʳʭ ʨʘʟʥʦʩʪʝʡ ʠ ʤʝʪʦʜʘ ʢʦʥʝʯʥʳʭ ʵʣʝʤʝʥʪʦʚ ʪʘʢ-

ʞʝ ʤʦʞʥʦ ʥʘʡʪʠ ʚ ʨʘʙʦʪʘʭ [21ï24]. ɺ ʩʪʘʪʴʝ [25] ʘʚʪʦʨʳ 

ʬʘʢʪʠʯʝʩʢʠ ʠʩʧʦʣʴʟʫʶʪ ʤʝʪʦʜ ʩʫʧʝʨʧʦʟʠʮʠʠ ʜʣʷ ʩʚʝʜʝ-

ʥʠʷ ʟʘʜʘʯʠ ʦ ʢʦʣʝʙʘʥʠʷʭ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʠʟʦ-

ʪʨʦʧʥʦʡ ʪʦʥʢʦʡ ʧʣʘʩʪʠʥʳ ʢ ʙʝʩʢʦʥʝʯʥʦʡ ʩʠʩʪʝʤʝ ʣʠ-

ʥʝʡʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ.  

ɺ ʧʨʝʜʩʪʘʚʣʝʥʥʦʡ ʩʪʘʪʴʝ ʥʘ ʦʩʥʦʚʝ ʧʦʜʭʦʜʘ [26ï28] 

ʧʨʝʜʣʘʛʘʝʪʩʷ ʘʥʘʣʠʪʠʯʝʩʢʦʝ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ ʦ ʢʦʣʝʙʘ-

ʥʠʷʭ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʪʦʣʩʪʦʡ ʦʨʪʦʪʨʦʧʥʦʡ 

ʧʣʘʩʪʠʥʳ. ɺ ʦʪʣʠʯʠʝ ʦʪ ʧʨʝʜʳʜʫʱʠʭ ʨʘʙʦʪ, ʧʦʩʚʷʱʝʥ-

ʥʳʭ ʢʦʣʝʙʘʥʠʷʤ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʪʦʣʩʪʦʡ ʧʣʘ-

ʩʪʠʥʳ, ʧʦʩʪʨʦʝʥʥʦʝ ʨʝʰʝʥʠʝ ʪʦʯʥʦ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʨʘʟ-

ʨʝʰʘʶʱʠʤ ʫʨʘʚʥʝʥʠʷʤ ʢʦʣʝʙʘʥʠʡ. ɺʳʧʦʣʥʝʥʠʝ ʛʨʘ-

ʥʠʯʥʳʭ ʫʩʣʦʚʠʡ ʧʨʠʚʦʜʠʪ ʢ ʙʝʩʢʦʥʝʯʥʦʡ ʩʠʩʪʝʤʝ 

ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝʦʧʨʝʜʝʣʝʥ-

ʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʚ ʦʙʱʝʤ ʨʝʰʝʥʠʠ. 
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ä  

ʩʪʨʦʠʪʩʷ ʚ ʬʦʨʤʝ ʩʫʤʤʳ ʨʷʜʦʚ ʩ ʥʝʦʧʨʝʜʝʣʝʥʥʳʤʠ ʢʦ-

ʵʬʬʠʮʠʝʥʪʘʤʠ lnX  ʠ lnY  ʧʦ ʤʦʜʠʬʠʮʠʨʦʚʘʥʥʦʡ ʪʨʠʛʦ-

ʥʦʤʝʪʨʠʯʝʩʢʦʡ ʩʠʩʪʝʤʝ ʬʫʥʢʮʠʡ { }(k n,kT xa  ʠ 

{ },( )j n jT ɓ y. ʀʩʧʦʣʴʟʫʷ ʧʦʜʭʦʜ, ʧʨʝʜʩʪʘʚʣʝʥʥʳʡ ʚ ʩʪʘʪʴʝ 

[28], ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ 

( )

( )
0 1,0 1,0 1,0 2,0 2,0 2,0

0 1,0 1,0 1,0 2,0 2,0 2,0

( ) ( )

( ) ( )

kj k k k j k k k j k

j k j k j k j k j

W X A H p y X A H p y

Y E H q x Y E H q x

=d + +

+ d + +
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3

, , ,

1 1

3

, , ,

1 1

( ) ( )

( ) ( );

l nk l nk j l nk k nk

n l

l nk l nj k l nj j nj

n l

X A H p y T x

Y E H q x T y

¤

= =

¤

= =

+ a +

+ b

ää

ää
 

( ), 0 1,0 1,0 2,0 2,0

3

, , ,

1 1

3

, ,

1 1

( ) ( )

( ) ( )

( ) ( )

x kj j k k j k k j

l nk l nk j l nk k nk

n l

l nk k l nj j nj

n l

Y H q x Y H q x

X B H p y T x

Y H q x T y

¤

= =

¤

= =

¡ ¡j =d + +

¡+ a +

¡+ b

ää

ää

 

( ), 0 1,0 1,0 2,0 2,0

3

, ,

1 1

( ) ( )

( ) ( )

y kj k k j k k j k

l nk j l nk k nk

n l

X H p y X H p y

X H p y T x
¤

= =

¡ ¡j =d + +

¡+ a +ää
 

 
3

, . ,

1 1

( ) ( ),l nk l nj k l nj j nj

n l

Y G H q x T y
¤

= =

¡+ bää   (5) 

ʛʜʝ ( ) (1 )cos sinkT z k z k z= - + ; ( ) (1 )coshkH z k z= - + 

sinhk z+ ; dmn ï ʩʠʤʚʦʣ ʂʨʦʥʝʢʝʨʘ; 
2

nk

k
Ŭ n

a

på õ
= -æ ö
ç ÷

;

2
nj

j
ɓ n

b

på õ
= -æ ö
ç ÷

. 

ɺʝʣʠʯʠʥʳ ,l njq , ,l nkp  (n =1, 2, é) ʷʚʣʷʶʪʩʷ ʢʦʨʥʷʤʠ 

ʚʝʪʚʠ l ʩʣʝʜʫʶʱʠʭ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʠʭ ʙʠʢʫʙʠʯʝʩʢʠʭ 

ʫʨʘʚʥʝʥʠʡ:  

 6 4 2

0 1 2 3 0,c p c p c p c+ + + = (6) 

 6 4 2

0 1 2 3 0,d q d q d q d+ + + = (7) 

ʛʜʝ 

0 2 5 6c k k k= , 

( ) ( )( )
( )

2 2 2

1 5 6 2 5 4 6

4 4

5 2 6 2 6 2 4 5,h

c k k k k k k k

k k k k k k k k

=a - - + +

+ W + +W -
 

( )( )

( ) ( ) ( )(

( )( ))
( )( ) ( )( )

4 2 2

2 4 2 6 5 6

2 4 2 2 4 4 4

6 5 6 2 4

4

4 5 6 6

4 4 4 4 4

2 6 2 4 5 4 6

1

2

,

h h

h

h h h

c k k k k k k

k k k k k k

k k k k k

k k k k k k k

=a + - + +

+ a W - - W + - W + W +

+ + - W +

+ W W + - + W W - - W

 

( )( )

( )(

( )) ( )( )

6 4 4 4

3 4 6 4 5 6 4 6

2 4 4

5 4 6

4 4 4 4 4 4

4 5 6 4 4 5

1

;

h

h

h h h h

c k k k k k k k

k k k

k k k k k k

=-a +a - + W + W + +

+ a W + -W +

+W - W - W +W W - W -

 

0 4 6d k k= , 

( )( ) ( )2 2 2 4 4

1 4 6 2 5 6 4 6 6 4 51hd ɓ k k k k k k k k k k k= - - - +W + +W -, 

( )( )

( )( ( )

( ))

( )( ) ( )

4 2 2

2 5 2 6 2 4 6

2 4 2 2

4 5 6 2 6

4

2 4 5 4 6 5 6

4 4 4 4

6 5 4 6 4 5

ɓ

ɓ 2

1 ,

h

h h h

d k k k k k k k

k k k k k k k

k k k k k k k

k k k k k k

= + - + +

+ + -W + - -

-W + + + +

+ W W + - - + W W -

 

( )( )

( )(

( )) ( )( )

6 4 4 4

3 2 5 6 2 4 5 2 6 5 2 6

2 4 4

2 4 5 6 2

4 4 4 4 4 4

4 5 6 5 4 5

ɓ ɓ

ɓ

.

h

h

h h h h

d k k k k k k k k k k k

k k k k k

k k k k k k

=- + - + W + W + +

+ W + - W +

+ W - W - W +W W - W -

 

ɼʣʷ ʩʣʫʯʘʷ n = 0 ʫʨʘʚʥʝʥʠʷ (6), (7) ʚʳʨʦʞʜʘʶʪʩʷ 

[28] ʚ ʙʠʢʚʘʜʨʘʪʥʳʝ ʫʨʘʚʥʝʥʠʷ ʚʠʜʘ 

 ( ) ( )4 4 4 2 4 4

2 5 0 2 5 0 5 0h hk k p k k p k+ W + W +W W - =, (8) 

 ( ) ( )4 4 4 2 4 4

4 0 4 0 4 0.h hk q k q k+ W + W +W W - = (9) 

ɿʘʤʝʪʠʤ, ʯʪʦ ʚʩʝ ʧʨʝʜʩʪʘʚʣʝʥʥʳʝ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝ-

ʩʢʠʝ ʫʨʘʚʥʝʥʠʷ (6)ï(9) ʜʦʧʫʩʢʘʶʪ ʪʦʯʥʦʝ ʨʝʰʝʥʠʝ.  

ʇʨʠ ʵʪʦʤ ʟʥʘʯʝʥʠʷ ʚʝʣʠʯʠʥ ,l nkA , ,l njE , ,l nkB  ʠ ,l njG , 

ʚʭʦʜʷʱʠʭ ʚ ʨʝʰʝʥʠʝ (5), ʤʦʛʫʪ ʙʳʪʴ ʚʳʨʘʞʝʥʳ ʩʣʝʜʫ-

ʶʱʠʤ ʦʙʨʘʟʦʤ ʜʣʷ ʢʘʞʜʦʡ ʚʝʪʚʠ l ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʠʭ 

ʫʨʘʚʥʝʥʠʡ: 

( )

( )

( )( )

( )

2 2 2 4

5 , 4 2 , 6 5

, 2 2 4

, 5 , 4 4 5

2 2 2 2 4 2 2 4

5 , 2 , 6 5 5 , 4

, 2 2 4

, 5 , 4 4 5

,

,

l nk l nk nk h

l nk

l nk l nk nk

l nk l nk nk h l nk nk

l nk

nk l nk l nk nk

kk p k k p k k
A

p kk p kk k k k

k p k p k k k p k
B

p kk p kk k k k

- - a - +W
=

- a + + W

+ - a - +W - a +W
=

a - a + + W

 

( )

( )

( )( )

( )

2 2 2 4

4 , 5 , 6 4

, 2 2 4

, 4 , 5 4 5

2 2 2 2 4 2 2 4

4 , , 6 4 4 , 5

, 2 2 4

, 4 , 5 4 5

,

,

l nj l nj nj h

l nj

l nj l nj nj

l nj l nj nj h l nj nj

l nj

l nj nj l nj nj

kk q k q kɓ k
E

q kk q kkɓ k k k

k q q kɓ k k q k ɓ
G

q ɓ kk q kk ɓ k k k

- - - +W
=

- + + W

+ - - +W - +W
=

- + + W

 

4 ,05 ,0

,0 ,02 4 2 4

5 ,0 4 ,0

; .
l jl k

l k l j

l k l j

k qk p
A E

k p k q
= =

+W +W
 

2. ʉʚʝʜʝʥʠʝ ʢ ʙʝʩʢʦʥʝʯʥʦʡ ʩʠʩʪʝʤʝ  

ʣʠʥʝʡʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ 

 

ʇʨʝʞʜʝ ʚʩʝʛʦ, ʤʦʞʥʦ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʩ ʫʯʝʪʦʤ ʯʝʪʥʦ-

ʩʪʠ ʨʝʰʝʥʠʷ ʧʦ ʧʝʨʝʤʝʥʥʦʡ y, ʠʟ 12 ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ 

(3) ʜʦʩʪʘʪʦʯʥʦ ʚʳʧʦʣʥʠʪʴ ʜʝʚʷʪʴ (ʛʨʘʥʠʯʥʳʝ ʟʥʘʯʝʥʠʷ 

ʢʠʥʝʤʘʪʠʯʝʩʢʠʭ ʠ ʩʠʣʦʚʳʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʜʣʷ ʩʪʦʨʦʥ 

y b=  ʠ y b=- ʩʦʚʧʘʜʘʶʪ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʟʥʘʢʘ). ɼʘ-

ʣʝʝ, ʠʟ ʜʘʥʥʳʭ 9 ʫʩʣʦʚʠʡ 5 ʫʩʣʦʚʠʡ ʤʦʞʥʦ ʚʳʧʦʣʥʠʪʴ 

ʪʦʞʜʝʩʪʚʝʥʥʦ, ʪʘʢ ʢʘʢ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʥʘ ʛʨʘʥʠʮʝ ʧʣʘʩʪʠ-

ʥʳ ʩʦʦʪʚʝʪʩʪʚʫʶʱʘʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ ʧʣʘʩʪʠʥʳ ʧʨʝʜ-

ʩʪʘʚʣʷʶʪʩʷ ʧʦʣʥʳʤʠ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʤʠ ʨʷʜʘʤʠ 

ʩ ʥʝʦʧʨʝʜʝʣʝʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. ʅʘʧʨʠʤʝʨ, ʠʟ 

ʫʩʣʦʚʠʷ ( , ) 0x a yj - = ʠ ʬʦʨʤʫʣ (5) ʧʦʣʫʯʘʝʤ 
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( ) ( )

( ) ( )( )

( ) ( )( )

( ) ( )

( ) ( )

,0, ,1,

0 1,00 0 1,0 2,00 0 2,0

0 1,01 1 1,0 2,01 1 2,0

3

, 0 0 ,

1 1

3

, 1 1 ,

1 1

, ,

0.

x j x j

j j j

j j j

l n l nj j nj

n l

l n l nj j nj

n l

a y a y

Y H q a Y H q a

Y H q a Y H q a

Y H q a T y

Y H q a T y

¤

= =

¤

= =

j - +j - =

¡ ¡=-d + +

¡ ¡+ d + -

¡- b +

¡+ b =

ää

ää

 

ʆʪʩʶʜʘ, ʦʯʝʚʠʜʥʦ, ʩʣʝʜʫʶʪ ʩʦʦʪʥʦʰʝʥʠʷ ʤʝʞʜʫ 

ʥʝʠʟʚʝʩʪʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ 
,l nkY  

1,00 0 1,0 2,00 0 2,0 1,01 1 1,0 2,01 1 2,0

3 3

, 0 0 , , 1 1 ,

1 1

( ) ( ) ( ) ( ) 0

( ) ( ) 0

j j j j

l n l nj l n l nj

l l

Y H q a Y H q a Y H q a Y H q a

Y H q a Y H q a
= =

¡ ¡ ¡ ¡- - + + =

¡ ¡- + =ä ä
(10) 

ʂʨʦʤʝ ʫʧʦʤʷʥʫʪʦʛʦ ʛʨʘʥʠʯʥʦʛʦ ʫʩʣʦʚʠʷ, ʘʥʘʣʦʛʠʯ-

ʥʳʤ ʦʙʨʘʟʦʤ ʤʦʞʥʦ ʚʳʧʦʣʥʠʪʴ ʪʘʢʞʝ ʫʩʣʦʚʠʷ 

0xy xM Q= = ʧʨʠ x a= , ʝʩʣʠ ʧʦʣʦʞʠʪʴ  

( )( )

( )( )
1,0 1,0 1,00 0 1,0 1,01 1 1,0

2,0 2,0 2,00 2,0 2,01 1 2,0

1 ( ) ( )

1 ( ) ( ) 0,

j j j j

j j k j j

q E Y H q a Y H q a

q E Y H q a Y H q a

¡ ¡- + +

¡ ¡+ - + =
 

  ( )( )
3

, , , 0 0 , , 1 1 ,

1

( ) ( ) 0,l nj l nj nj l n l nj l n l nj

l

q G Y H q a Y H q a
=

¡ ¡+b + =ä  (11) 

( )( )
3

, , , 0 0 , , 1 1 ,

1

1 ( ) ( ) 0.l nj l nj l n l nj l n l nj

l

q E Y H q a Y H q a
=

¡ ¡- + =ä  

ɸʥʘʣʦʛʠʯʥʦ, ʥʘ ʩʪʦʨʦʥʘʭ ʧʣʘʩʪʠʥʳ y b=° ʤʦʞʥʦ 

ʪʦʯʥʦ ʚʳʧʦʣʥʠʪʴ ʫʩʣʦʚʠʷ 0xy yM Q= =, ʝʩʣʠ ʜʣʷ ʥʝʠʟ-

ʚʝʩʪʥʳʭ ,l nkX  ʚʳʧʦʣʥʷʶʪʩʷ ʩʣʝʜʫʶʱʠʝ ʩʦʦʪʥʦʰʝʥʠʷ: 

( )

( )

1,00 1,00 1,00 1,00

2,00 2,00 2,00 2,00

1 ( )

1 ( ) 0,

j

j

X p A H p b

X p A H p b

¡- +

¡+ - =
 

 ( )
3

, , , ,

1

( ) 0,l nk l nk l nk nk j l nk

l

X p B H p b
=

¡+a =ä  (12) 

( )
3

, , , ,

1

1 ( ) 0.l nk l nk l nk j l nk

l

X p A H p b
=

¡- =ä  

ʋʨʘʚʥʝʥʠʷ (10)ï(12) ʧʦʟʚʦʣʷʶʪ ʷʚʥʦ ʚʳʨʘʟʠʪʴ ʥʝʠʟ-

ʚʝʩʪʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ , 1l nY  ʯʝʨʝʟ ʢʦʵʬʬʠʮʠʝʥʪʳ , 0l nY , 

ʘ ʥʝʠʟʚʝʩʪʥʳʝ 2, 3,,nk nkX X  ï ʯʝʨʝʟ 1,nkX . 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʚʚʝʜʝʤ ʜʣʷ ʫʜʦʙʩʪʚʘ ʥʦʚʳʝ ʥʝʠʟ-

ʚʝʩʪʥʳʝ 

 , , ,( )l nk l nk k l njy Y H q a¡=  ʠ , , ,( )l nk l nk j l nkx X H p b¡= , (13) 

ʘ ʪʘʢʞʝ ʤʘʪʨʠʮʳ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʣʝʚʳʤ ʯʘʩʪʷʤ ʩʠ-

ʩʪʝʤ (11), (12): 

1, 1, 2, 2, 3, 3,

1, 1, 2, 2, 3, 3,

1 1 1

1 1 1n nj nj nj nj nj nj

nj nj nj nj nj nj nj nj nj

q E q E q E

q G q G q G

å õ
æ ö
= - - -æ ö
æ ö+b +b +bç ÷

T , 

1, 1, 2, 2, 3, 3,

1, 1, 2, 2, 3, 3,

1 1 1

1 1 1 ,nk nk nk nk nk nk nk

nk nk nk nk nk nk nk nk nk

p A p A p A

p B p B p B

å õ
æ ö
= - - -æ ö
æ ö+a +a +aç ÷

S  

ʪʦʛʜʘ ʠʟ (10) ʠ (11) ʧʦʣʫʯʘʝʤ ʩʣʝʜʫʶʱʠʝ ʩʦʦʪʥʦʰʝʥʠʷ: 

 
3

1 ,

, 1 , 0 , 0

1

2
,

det

l n

l n i n l n

in

T
y y y

=

= -ä
T

 (14) 

 
1 ,

, 1,

11,

l nk

l nk nk

nk

S
x x

S
=  (l = 2,3), (15) 

ʛʜʝ 
1 ,l nT  ʠ 1 ,l nkS  ï ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʜʦʧʦʣʥʝʥʠʷ ʢ ʵʣʝʤʝʥ-

ʪʘʤ ʩ ʠʥʜʝʢʩʘʤʠ  (1, l) ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʤʘʪʨʠʮ 
nT  ʠ 

nkS . 

ɸʥʘʣʦʛʠʯʥʳʝ ʩʦʦʪʥʦʰʝʥʠʷ ʤʦʞʥʦ ʥʘʡʪʠ ʠ ʜʣʷ ʩʣʫ-

ʯʘʷ n = 0: 

1,01 1,00

0

2,01 2,00

,
y y

y y

å õ å õ
=æ ö æ ö

ç ÷ ç ÷
T  

2,00 0 1,00,x s x=  

ʛʜʝ 

0

1,0 1,0 2,0 2,0

1,0 1,0 2,0 2,0 2,0 2,0

1,0 1,0 1,0 1,0 2,0 2,0

1

2 2 2
,

2 2 2

j j j j

j j j j j j

j j j j j j

q E q E

q E q E q E

q E q E q E

= ³
-

- - + - +å õ
³æ ö

- + -ç ÷

T

 

1,00 1,00

0

2,00 2,00

1

1

p A
s

p A

-
=-

-
. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʨʝʰʝʥʠʷ ʧʦʩʪʘʚʣʝʥʥʦʡ ʟʘʜʘʯʠ 

ʦʩʪʘʝʪʩʷ ʚʳʧʦʣʥʠʪʴ 4 ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʷ ʥʘ ʩʪʦʨʦʥʘʭ 

ʧʣʘʩʪʠʥʳ, ʠʩʧʦʣʴʟʫʷ ʥʝʦʧʨʝʜʝʣʝʥʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ 

, 0l ny  (l  =1, 2, 3) ʠ 1,nkx  (k = 0, 1).  ʇʨʠ ʵʪʦʤ ʩʪʨʫʢʪʫʨʘ 

ʧʨʝʜʩʪʘʚʣʝʥʥʦʛʦ ʨʝʰʝʥʠʷ ʪʘʢʦʚʘ, ʯʪʦ ʥʘ ʛʨʘʥʠʮʝ ʧʣʘ-

ʩʪʠʥʳ ʢʘʞʜʘʷ ʠʟ ʢʠʥʝʤʘʪʠʯʝʩʢʠʭ ʠʣʠ ʩʠʣʦʚʳʭ ʭʘʨʘʢʪʝ-

ʨʠʩʪʠʢ ʧʣʘʩʪʠʥʳ ʧʨʝʜʩʪʘʚʣʷʝʪʩʷ ʚ ʚʠʜʝ ʩʫʤʤʳ ʜʚʫʭ 

ʨʷʜʦʚ ï ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʛʦ ʨʷʜʘ ʠ ʨʷʜʘ ʧʦ ʛʠʧʝʨʙʦ-

ʣʠʯʝʩʢʠʤ ʬʫʥʢʮʠʷʤ. ʀʩʧʦʣʴʟʫʷ ʩʭʦʞʝʩʪʴ ʨʘʟʣʦʞʝ-

ʥʠʷ [29] ʥʘ ʦʪʨʝʟʢʝ [ ; ]tÍ -tt ʛʠʧʝʨʙʦʣʠʯʝʩʢʠʭ ʬʫʥʢʮʠʡ 

coshqt  ʧʦ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʤ ʬʫʥʢʮʠʷʤ 
t
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np

t
 

ʠ sinhqt  ʧʦ ʩʠʩʪʝʤʝ ʬʫʥʢʮʠʡ 
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ʧʦʣʫʯʘʝʤ ʠʟ ʢʨʘʝʚʳʭ ʫʩʣʦʚʠʡ (3) ʙʝʩʢʦʥʝʯʥʫʶ ʩʠʩʪʝʤʫ 

ʣʠʥʝʡʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝ-

ʠʟʚʝʩʪʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʨʝʰʝʥʠʷ ʩʣʝʜʫʶʱʝʛʦ ʚʠʜʘ: 

0. 

0, 
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3. ʏʠʩʣʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ 

 

ɼʣʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʠ ʨʝʰʝʥʠʷ ʧʦʣʫʯʝʥʥʦʡ ʙʝʩʢʦʥʝʯ-

ʥʦʡ ʩʠʩʪʝʤʳ ʠʩʧʦʣʴʟʦʚʘʣʩʷ ʧʘʢʝʪ Mathematica. ʉʦʛʣʘʩ-

ʥʦ ʤʝʪʦʜʫ ʨʝʜʫʢʮʠʠ ʧʦʣʫʯʝʥʥʘʷ ʙʝʩʢʦʥʝʯʥʘʷ ʩʠʩʪʝʤʘ 

(16)ï(23) ʩʚʦʜʠʣʘʩʴ ʢ ʢʦʥʝʯʥʦʡ ʩʠʩʪʝʤʝ ʦʪʥʦʩʠʪʝʣʴʥʦ 

ʧʝʨʚʳʭ N ʥʝʠʟʚʝʩʪʥʳʭ nkc  ʠ , 0l ny , ʧʨʠ ʵʪʦʤ ʚ ʨʘʩʯʝʪʘʭ 

ʫʜʝʨʞʠʚʘʣʠʩʴ ʧʝʨʚʳʝ (5N + 3) ʫʨʘʚʥʝʥʠʷ ʩʠʩʪʝʤʳ 

ʚ ʩʣʫʯʘʝ ʩʠʤʤʝʪʨʠʯʥʳʭ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oy ʢʦʣʝʙʘʥʠʡ 

(j = 0) ʠ (5N + 1) ʫʨʘʚʥʝʥʠʡ ʚ ʩʣʫʯʘʝ ʘʥʪʠʩʠʤʤʝʪʨʠʯʥʳʭ 

ʢʦʣʝʙʘʥʠʡ (j =1). ʆʧʨʝʜʝʣʠʪʝʣʴ ʢʦʥʝʯʥʦʡ ʩʠʩʪʝʤʳ ʩʣʫ-

ʞʠʣ ʚ ʢʘʯʝʩʪʚʝ ʜʠʩʧʝʨʩʠʦʥʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʜʣʷ ʦʧʨʝʜʝʣʝ-

ʥʠʷ ʩʦʙʩʪʚʝʥʥʳʭ ʯʘʩʪʦʪ ʢʦʣʝʙʘʥʠʡ, ʘ ʥʝʪʨʠʚʠʘʣʴʥʦʝ ʨʝ-

ʰʝʥʠʝ ï ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʩʦʙʩʪʚʝʥʥʳʭ ʬʦʨʤ ʢʦʣʝʙʘʥʠʡ. 

ɺ ʪʘʙʣ. 1 ʧʨʝʜʩʪʘʚʣʝʥʘ ʩʭʦʜʠʤʦʩʪʴ ʤʝʪʦʜʘ ʨʝʜʫʢʮʠʠ ʧʨʠ 

ʫʚʝʣʠʯʝʥʠʠ ʧʦʨʷʜʢʘ ʘʧʧʨʦʢʩʠʤʠʨʫʶʱʝʡ ʩʠʩʪʝʤʳ.  

ɺ ʪʘʙʣ. 2 ʧʨʠʚʝʜʝʥʳ ʧʝʨʚʳʝ ʩʦʙʩʪʚʝʥʥʳʝ ʯʘʩʪʦʪʳ 

ʢʚʘʜʨʘʪʥʦʡ ʠʟʦʪʨʦʧʥʦʡ ʧʣʘʩʪʠʥʳ ʚ ʩʨʘʚʥʝʥʠʠ ʩ ʨʝʟʫʣʴ-

ʪʘʪʘʤʠ [10] ʠ [12]. ɿʘʤʝʪʠʤ, ʯʪʦ ʚ [10] ʠʩʧʦʣʴʟʫʝʪʩʷ ʤʦ-

ʜʠʬʠʮʠʨʦʚʘʥʥʳʡ ʚʘʨʠʘʮʠʦʥʥʳʡ ʧʦʜʭʦʜ (DSC ʤʝʪʦʜ), 

ʚ ʨʘʙʦʪʝ [12] ʢʣʘʩʩʠʯʝʩʢʠʡ ʤʝʪʦʜ ï ʈʝʣʝʷ ï ʈʠʪʮʘ. ʇʦ-

ʣʫʯʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ ʦʢʘʟʳʚʘʶʪʩʷ ʚ ʭʦʨʦʰʝʤ ʩʦʦʪʚʝʪ-

ʩʪʚʠʠ ʩ ʜʘʥʥʳʤʠ [10] ʠ [12], ʯʪʦ ʧʦʟʚʦʣʷʝʪ ʩʜʝʣʘʪʴ ʚʳ-

ʚʦʜ ʦʙ ʘʜʝʢʚʘʪʥʦʩʪʠ ʧʨʝʜʣʦʞʝʥʥʦʛʦ ʧʦʜʭʦʜʘ. 

ʅʘ ʦʩʥʦʚʝ ʧʦʣʫʯʝʥʥʦʛʦ ʨʝʰʝʥʠʷ ʧʨʦʚʦʜʠʣʠʩʴ ʯʠʩ-

ʣʝʥʥʳʝ ʠʩʩʣʝʜʦʚʘʥʠʷ ʩʧʝʢʪʨʘ ʩʦʙʩʪʚʝʥʥʳʭ ʯʘʩʪʦʪ ʢʦʥ-

ʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʪʦʣʩʪʦʡ ʧʣʘʩʪʠʥʳ, ʢʘʢ ʧʨʠ ʚʘʨʠʘ-

ʮʠʠ ʫʧʨʫʛʠʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʤʘʪʝʨʠʘʣʘ, ʪʘʢ ʠ ʧʨʠ ʚʘʨʠʘ-

ʮʠʠ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʧʘʨʘʤʝʪʨʦʚ.  
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ʊʘʙʣʠʮʘ 1 

ʉʭʦʜʠʤʦʩʪʴ ʤʝʪʦʜʘ ʨʝʜʫʢʮʠʠ ʥʘ ʧʝʨʚʦʡ ʩʦʙʩʪʚʝʥʥʦʡ 

ʯʘʩʪʦʪʝ 
1 0.9301W =  ʜʣʷ ʠʟʦʪʨʦʧʥʦʡ ʢʚʘʜʨʘʪʥʦʡ  

ʧʣʘʩʪʠʥʳ ʧʨʠ 0,3,n=  5/ 6, k=  / 0,1h a=  

Table 1 

Convergence of reduction method for the first fundamental 

natural frequency 
1 0.9301W =

 
of the isotropic square  

plate with 0.3,n= 5/ 6, k=  / 0.1h a=  

n 1 2 3 5 

1, 0ny  ʧʨʠ 

N = 10 
ī0,32742 0,195743 ī0,152986 ī0,114373 

1, 0ny  ʧʨʠ 

N = 20 
ī0,351037 0,209318 ī0,164008 ī0,124418 

1, 0ny  ʧʨʠ 

N = 40 
ī0,357335 0,212983 ī0,167122 ī0,127549 

 

ʊʘʙʣʠʮʘ 2 

ʇʝʨʚʳʝ ʩʦʙʩʪʚʝʥʥʳʝ ʯʘʩʪʦʪʳ 
2

2

4W
W=

p
 ʠʟʦʪʨʦʧʥʦʡ 

ʢʚʘʜʨʘʪʥʦʡ ʧʣʘʩʪʠʥʳ ʧʨʠ 0,3,n=  5/ 6, k=  / 0,1h a=  

Table 2 

First fundamental natural frequencies 
2

2

4W
W=

p
  

of the isotropic square plate with 0.3,n=  5/ 6, k=  

/ 0.1h a=  

 1 2 3 4 5 6 7 8 

ʇʨʝʜʩʪʘʚ-

ʣʝʥʥʦʝ 

ʨʝʰʝʥʠʝ 

0,3505 0,8170 2,0350 2,5839 2,8621 4,8172 5,4788 5,7741 

[10] 0,3735 0,8403 2,0502 2,5997 2,8752 4,8285 5,4885 5,7860 

[12] 0,3476 0,8168 2,0356 2,5836 2,8620 4,8162 5,4834 5,7769 

 

ɺ ʪʘʙʣ. 3 ʧʨʝʜʩʪʘʚʣʝʥʳ ʧʝʨʚʳʝ ʜʝʩʷʪʴ ʩʦʙʩʪʚʝʥʥʳʭ 

ʯʘʩʪʦʪ ʧʣʘʩʪʠʥʳ ʠʟ ʵʧʦʢʩʠʜʥʦʛʦ ʩʪʝʢʣʘ ʧʨʠ ʚʘʨʠʘʮʠʠ ʝʝ 

ʪʦʣʱʠʥʳ. ʄʦʞʥʦ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʧʨʠ ʤʘʣʦʡ ʪʦʣʱʠʥʝ 

ʧʣʘʩʪʠʥʳ  / 0.01h a=  ʩʦʙʩʪʚʝʥʥʳʝ ʯʘʩʪʦʪʳ ʢʦʣʝʙʘʥʠʡ ʚ 

ʨʘʤʢʘʭ ʪʝʦʨʠʠ ʈʝʡʩʥʝʨʘ ï ʄʠʥʜʣʠʥʘ ʤʘʣʦ ʦʪʣʠʯʘʶʪʩʷ 

ʦʪ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʯʘʩʪʦʪ, ʚʳʯʠʩʣʝʥʥʳʭ ʩʦʛʣʘʩʥʦ 

ʪʝʦʨʠʠ ʪʦʥʢʠʭ ʧʣʘʩʪʠʥ. ʉ ʫʚʝʣʠʯʝʥʠʝʤ ʪʦʣʱʠʥʳ ʧʣʘ-

ʩʪʠʥʳ ʨʘʟʣʠʯʠʝ ʤʝʞʜʫ ʩʦʙʩʪʚʝʥʥʳʤʠ ʟʥʘʯʝʥʠʷʤʠ ʩʦ-

ʛʣʘʩʥʦ ʪʝʦʨʠʠ ʪʦʣʩʪʳʭ ʧʣʘʩʪʠʥ ʠ ʪʝʦʨʠʠ ʪʦʥʢʠʭ ʧʣʘ-

ʩʪʠʥ ʥʝʩʢʦʣʴʢʦ ʫʚʝʣʠʯʠʚʘʝʪʩʷ, ʥʦ ʥʝ ʧʨʝʚʦʩʭʦʜʠʪ 3 %.  

ʅʝʪʨʠʚʠʘʣʴʥʦʝ ʨʝʰʝʥʠʝ ʙʝʩʢʦʥʝʯʥʦʡ ʩʠʩʪʝʤʳ (16)ï

(23) ʥʘ ʩʦʙʩʪʚʝʥʥʦʡ ʯʘʩʪʦʪʝ ʢʦʣʝʙʘʥʠʡ ʧʦʟʚʦʣʷʝʪ ʧʦ-

ʩʪʨʦʠʪʴ ʩʦʛʣʘʩʥʦ (5) ʩʦʙʩʪʚʝʥʥʳʝ ʬʦʨʤʳ ʢʦʣʝʙʘʥʠʡ 

ʧʣʘʩʪʠʥʳ. ʅʘ ʨʠʩ. 1 ʧʨʝʜʩʪʘʚʣʝʥʳ ʧʝʨʚʳʝ ʩʦʙʩʪʚʝʥʥʳʝ 

ʬʦʨʤʳ ʢʦʣʝʙʘʥʠʡ ʢʚʘʜʨʘʪʥʦʡ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ 

ʧʣʘʩʪʠʥʳ ʚ ʩʣʫʯʘʝ ʦʨʪʦʪʨʦʧʥʦʛʦ ʤʘʪʝʨʠʘʣʘ, ʧʨʝʜʩʪʘʚ-

ʣʝʥʥʦʛʦ ʚ ʪʘʙʣ. 3. ʇʝʨʚʘʷ, ʪʨʝʪʴʷ ʠ ʜʝʩʷʪʘʷ ʬʦʨʤʳ ʢʦʣʝ-

ʙʘʥʠʡ ʩʦʦʪʚʝʪʩʪʚʫʶʪ ʩʠʤʤʝʪʨʠʯʥʳʤ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ 

Oy ʢʦʣʝʙʘʥʠʷʤ (ʚ ʧʨʠʚʝʜʝʥʥʳʭ ʬʦʨʤʫʣʘʭ j = 0), ʚʪʦʨʘʷ, 

ʧʷʪʘʷ ʠ ʩʝʜʴʤʘʷ ʬʦʨʤʳ ʢʦʣʝʙʘʥʠʡ ï ʘʥʪʠʩʠʤʤʝʪʨʠʯʥʳʤ 

ʢʦʣʝʙʘʥʠʷʤ (j = 1). ʉʚʝʨʷʷ ʫʟʣʦʚʳʝ ʣʠʥʠʠ ʧʦʩʪʨʦʝʥʥʳʭ 

ʩʦʙʩʪʚʝʥʥʳʭ ʬʦʨʤ ʩ ʠʟʚʝʩʪʥʳʤʠ ʚ ʣʠʪʝʨʘʪʫʨʝ ʬʦʨʤʘʤʠ 

ʜʣʷ ʪʦʥʢʠʭ ʧʣʘʩʪʠʥ [30], ʤʦʞʥʦ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʦʪʣʠʯʠʷ 

ʥʝʟʥʘʯʠʪʝʣʴʥʳ. 

ʊʘʙʣʠʮʘ 3 

ʇʝʨʚʳʝ ʩʦʙʩʪʚʝʥʥʳʝ ʯʘʩʪʦʪʳ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ 

ʢʚʘʜʨʘʪʥʦʡ ʧʣʘʩʪʠʥʳ ʧʨʠ 0,8601ə=  1 60,7ɻʇaE = , 

12 13 23 12ɻʇaG G G= = = , 
12 0,23,n = , 

21 0,094n =  

Table 3 

First fundamental natural frequencies of the cantilevered 

square plate with 0.8601ə= 1 60.7 GPaE = , 

12 13 23 12 GPaG G G= = = , 
12 0.23n = , 

21 0.094n =  

 1 2 3 4 5 6 7 8 9 10 

/ 0,01h a=  0,9363 1,3124 2,1443 2,3484 2,6147 3,2433 3,2674 3,9217 4,1035 4,4660 

/ 0,05h a=  0,9357 1,3080 2,1368 2,3417 2,6021 3,2202 3,2540 3,8955 4,0708 4,4362 

/ 0,10h a=  0,9346 1,2998 2,1212 2,3218 2,5725 3,1693 3,2197 3,8198 3,9877 4,3885 

 

ɿʘʤʝʪʠʤ, ʯʪʦ ʩʭʦʞʘʷ ʩʠʪʫʘʮʠʷ ʥʘʙʣʶʜʘʝʪʩʷ ʠ ʜʣʷ 

ʜʨʫʛʠʭ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ (ʥʘʧʨʠʤʝʨ, ʧʦʣʥʦʩʪʴʶ ʟʘ-

ʱʝʤʣʝʥʥʦʡ ʧʣʘʩʪʠʥʳ ʠ ʧʣʘʩʪʠʥʳ ʩʦ ʩʚʦʙʦʜʥʳʤʠ ʢʨʘʷʤʠ 

[28]). ɹʦʣʝʝ ʪʦʛʦ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʧʦ ʥʦʤʝʨʫ ʩʦʙʩʪʚʝʥ-

ʥʳʝ ʬʦʨʤʳ ʚ ʩʣʫʯʘʝ ʠʟʦʪʨʦʧʥʦʛʦ ʤʘʪʝʨʠʘʣʘ ʠʤʝʶʪ ʪʦʪ 

ʞʝ ʢʘʯʝʩʪʚʝʥʥʳʡ ʭʘʨʘʢʪʝʨ, ʯʪʦ ʠ ʬʦʨʤʳ ʥʘ ʨʠʩ. 1, ʢʦʣʠ-

ʯʝʩʪʚʝʥʥʳʝ ʨʘʟʣʠʯʠʷ ʤʦʞʥʦ ʫʚʠʜʝʪʴ, ʥʘʧʨʠʤʝʨ, 

ʥʘ ʨʠʩ. 2, ʛʜʝ ʧʨʝʜʩʪʘʚʣʝʥʳ ʣʠʥʠʠ ʫʨʦʚʥʷ ʧʝʨʚʳʭ ʜʚʫʭ 

ʩʦʙʩʪʚʝʥʥʳʭ ʬʦʨʤ ʜʣʷ ʦʨʪʦʪʨʦʧʥʦʛʦ ʠ ʠʟʦʪʨʦʧʥʦʛʦ ʤʘ-

ʪʝʨʠʘʣʦʚ. ʄʦʞʥʦ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʚ ʧʨʠʚʝʜʝʥʥʦʤ ʩʣʫʯʘʝ 

ʩʦʙʩʪʚʝʥʥʳʝ ʬʦʨʤʳ ʢʦʣʝʙʘʥʠʡ ʧʦʯʪʠ ʩʦʚʧʘʜʘʶʪ.  

ʏʪʦʙʳ ʦʮʝʥʠʪʴ, ʥʘʩʢʦʣʴʢʦ ʦʨʪʦʪʨʦʧʥʳʝ ʩʚʦʡʩʪʚʘ 

ʤʘʪʝʨʠʘʣʘ ʚʣʠʷʶʪ ʥʘ ʩʧʝʢʪʨ ʩʦʙʩʪʚʝʥʥʳʭ ʟʥʘʯʝʥʠʡ 

ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʧʣʘʩʪʠʥʳ, ʨʘʩʩʤʦʪʨʠʤ ʧʣʘʩʪʠ-

ʥʫ ʩ ʟʘʱʝʤʣʝʥʠʝʤ ʧʦ ʩʪʦʨʦʥʝ y b=- ʠʟ ʪʦʛʦ ʞʝ ʤʘʪʝ-

ʨʠʘʣʘ 1 60,7ɻʇa,E =  12 13 23 12ɻʇa,G G G= = = [ʇW1] 

12 0,23,n =  21 0,094,n =  ʯʪʦ ʠ ʚ ʧʨʝʜʳʜʫʱʠʭ ʧʨʠʤʝʨʘʭ. 

ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʤʘʪʝʨʠʘʣ ʫʞʝ ʦʢʘʟʳʚʘʝʪʩʷ ʙʦʣʝʝ ʞʝʩʪʢʠʤ 

ʚ ʥʘʧʨʘʚʣʝʥʠʠ, ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʤ ʟʘʱʝʤʣʝʥʥʦʡ ʩʪʦ-

ʨʦʥʝ, ʯʪʦ ʩʢʘʟʳʚʘʝʪʩʷ ʢʘʢ ʥʘ ʟʥʘʯʝʥʠʷʭ ʩʦʙʩʪʚʝʥʥʳʭ 

ʯʘʩʪʦʪ (ʪʘʙʣ. 4), ʪʘʢ ʠ ʥʘ ʦʪʚʝʯʘʶʱʠʭ ʠʤ ʩʦʙʩʪʚʝʥʥʳʭ 

ʬʦʨʤʘʭ ʢʦʣʝʙʘʥʠʡ (ʨʠʩ. 3[ʇW2]).  

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʝʩʣʠ ʧʝʨʚʘʷ ʯʘʩʪʦʪʘ ʢʦʣʝʙʘʥʠʡ 

ʚ ʪʘʙʣ. 4 ʧʦʯʪʠ ʩʦʚʧʘʜʘʝʪ ʜʣʷ ʦʙʦʠʭ ʩʣʫʯʘʝʚ ʟʘʱʝʤʣʝ-

ʥʠʷ, ʪʦ ʜʣʷ ʚʪʦʨʦʛʦ ʪʠʧʘ ʟʘʱʝʤʣʝʥʠʷ (ʧʦ y b=-) ʩʦʙ-

ʩʪʚʝʥʥʳʝ ʯʘʩʪʦʪʳ ʣʝʞʘʪ ʩʫʱʝʩʪʚʝʥʥʦ ʚʳʰʝ. ʂʨʦʤʝ ʵʪʦ-

ʛʦ, ʤʝʥʷʝʪʩʷ ʠ ʯʝʪʥʦʩʪʴ ʨʷʜʘ ʬʦʨʤ ʢʦʣʝʙʘʥʠʡ; ʪʘʢ, ʯʝʪ-

ʚʝʨʪʘʷ ʠ ʧʷʪʘʷ ʤʦʜʳ ʢʦʣʝʙʘʥʠʡ ʷʚʣʷʶʪʩʷ 

ʘʥʪʠʩʠʤʤʝʪʠʯʥʦʡ ʠ ʩʠʤʤʝʪʨʠʯʥʦʡ, ʚ ʪʦ ʞʝ ʚʨʝʤʷ ʧʨʠ 

ʟʘʱʝʤʣʝʥʠʠ ʧʣʘʩʪʠʥʳ ʧʦ ʩʪʦʨʦʥʝ x a=- ʦʥʠ ʩʦʦʪʚʝʪ-

ʩʪʚʝʥʥʦ ʩʠʤʤʝʪʨʠʯʥʘʷ ʠ ʘʥʪʠʩʠʤʤʝʪʨʠʯʥʘʷ. ʅʘ ʨʠʩ. 3 

ʧʨʝʜʩʪʘʚʣʝʥʳ ʚʪʦʨʘʷ, ʪʨʝʪʴʷ, ʯʝʪʚʝʨʪʘʷ ʠ ʧʷʪʘʷ ʬʦʨʤʳ 

ʢʦʣʝʙʘʥʠʡ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʩʣʫʯʘʶ ʟʘʱʝʤʣʝʥʠʷ ʦʨʪʦ-

ʪʨʦʧʥʦʡ ʧʣʘʩʪʠʥʳ ʧʦ ʩʪʦʨʦʥʝ y b=-. 
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Ý1 = 0.9346                                                                                       Ý2 = 1.2998 

ʘ                                                                                            ʙ 

         
Ý3 = 2.1212                                                                                 Ý5 = 2.5725 

ʚ                                                                                       ʛ 

        
Ý7 = 3.2197                                                                                 Ý10 = 4.3885 

ʜ                                                                                       ʝ 

ʈʠʩ. 1. ʉʦʙʩʪʚʝʥʥʳʝ ʬʦʨʤʳ ʢʦʣʝʙʘʥʠʡ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʪʦʣʩʪʦʡ ʧʣʘʩʪʠʥʳ: ʘ, ʙ, ʚ, ʛ, ʜ, ʝ ï ʧʝʨʚʘʷ, ʚʪʦʨʘʷ,  

ʪʨʝʪʴʷ, ʧʷʪʘʷ, ʩʝʜʴʤʘʷ ʠ ʜʝʩʷʪʘʷ ʬʦʨʤʳ ʢʦʣʝʙʘʥʠʡ 

Fig. 1. The natural modes of the cantilevered thick plate; (a), (b), (c), (d), (e), (f) are the first, second, third, fifth,  

seventh and tenth shape modes, respectively[ʇW3] 
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ʘ       ʙ 

ʈʠʩ. 2. ʃʠʥʠʠ ʫʨʦʚʥʷ ʩʦʙʩʪʚʝʥʥʳʭ ʬʦʨʤ ʢʦʣʝʙʘʥʠʡ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʪʦʣʩʪʦʡ ʧʣʘʩʪʠʥʳ: ʘ, ʙ ï ʧʝʨʚʘʷ ʠ ʚʪʦʨʘʷ ʬʦʨʤʳ 

ʢʦʣʝʙʘʥʠʡ (ʩʧʣʦʰʥʘʷ ʣʠʥʠʷ ï ʦʨʪʦʪʨʦʧʥʳʡ ʤʘʪʝʨʠʘʣ ʩ ʜʘʥʥʳʤʠ ʠʟ ʪʘʙʣ. 3, ʧʫʥʢʪʠʨʥʘʷ ʣʠʥʠʷ ï ʠʟʦʪʨʦʧʥʳʡ ʤʘʪʝʨʠʘʣ ʧʨʠ ɜ = 0.3) 

Fig. 2. Level lines of natural vibration modes of the cantilevered thick plate; (a), (b) are the first and second shape modes (the solid line 

shows the orthotropic material with data from Table 3, the dotted line shows the isotropic material at ɜ = 0.3) 

 

ʊʘʙʣʠʮʘ 4 

ʇʝʨʚʳʝ ʩʦʙʩʪʚʝʥʥʳʝ ʯʘʩʪʦʪʳ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʪʦʣʩʪʦʡ ʢʚʘʜʨʘʪʥʦʡ ʧʣʘʩʪʠʥʳ  

( 1 60,7ɻʇaE = , 12 13 23 12ɻʇa,G G G= = =  12 0,23,n =  21 0,094;n =  / 0,10)h a=  ʚ ʩʣʫʯʘʝ ʟʘʱʝʤʣʝʥʠʷ  

ʨʘʟʣʠʯʥʳʭ ʩʪʦʨʦʥ ʧʣʘʩʪʠʥʳ 

Table 4 

First fundamental natural frequencies of the cantilevered thick square plate for the case of different clamped  

sides ( 0.8601ə= 1 60.7 GPaE = , 12 13 23 12 GPaG G G= = = , 12 0.23n = , 21 0.094n = ) 

 1 2 3 4 5 

 

0.9346 1.2998 2.1212 2.3218 2.5725 

 

0.9348 1.5301 2.3255 2.8626 3.0903 

 

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʦʞʥʦ ʧʨʝʜʧʦʣʦʞʠʪʴ, ʯʪʦ ʧʨʠ ʢʦʥ-

ʩʦʣʴʥʦʤ ʟʘʱʝʤʣʝʥʠʠ ʧʣʘʩʪʠʥʳ ʥʘ ʩʧʝʢʪʨ ʢʦʣʝʙʘʥʠʡ 

ʙʦʣʴʰʝʝ ʚʣʠʷʥʠʝ ʦʢʘʟʳʚʘʶʪ ʫʧʨʫʛʠʝ ʩʚʦʡʩʪʚʘ ʤʘʪʝʨʠʘʣʘ 

ʚ ʥʘʧʨʘʚʣʝʥʠʠ, ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʤ ʟʘʱʝʤʣʝʥʥʦʡ ʩʪʦʨʦʥʝ. 

 

ɿʘʢʣʶʯʝʥʠʝ 

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚ ʨʘʙʦʪʝ ʚʧʝʨʚʳʝ ʥʘ ʦʩʥʦʚʝ ʤʝʪʦʜʘ 

ʩʫʧʝʨʧʦʟʠʮʠʠ ʧʦʩʪʨʦʝʥʦ ʘʥʘʣʠʪʠʯʝʩʢʦʝ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ 

ʦ ʩʚʦʙʦʜʥʳʭ ʢʦʣʝʙʘʥʠʷʭ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʦʨʪʦ-

ʪʨʦʧʥʦʡ ʧʣʘʩʪʠʥʳ. ɼʘʥʥʦʝ ʨʝʰʝʥʠʝ, ʚ ʦʪʣʠʯʠʝ ʦʪ ʚʘʨʠ-

ʘʮʠʦʥʥʦʛʦ ʧʦʜʭʦʜʘ, ʪʦʯʥʦ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʫʨʘʚʥʝʥʠʷʤ 

ʢʦʣʝʙʘʥʠʡ, 5 ʠʟ 9 ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ ʪʘʢʞʝ ʚʳʧʦʣʥʝʥʳ 

ʪʦʯʥʦ. ʆʩʪʘʚʰʠʝʩʷ ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ ʧʨʠʚʦʜʷʪ ʢ ʙʝʩ-

ʢʦʥʝʯʥʦʡ ʩʠʩʪʝʤʝ ʣʠʥʝʡʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ, 

ʩʭʦʜʠʤʦʩʪʴ ʨʝʰʝʥʠʷ ʢʦʪʦʨʦʡ ʧʦ ʤʝʪʦʜʫ ʨʝʜʫʢʮʠʠ ʠʩ-

ʩʣʝʜʦʚʘʥʘ ʯʠʩʣʝʥʥʦ. ʈʝʰʝʥʠʝ, ʧʨʝʜʩʪʘʚʣʝʥʥʦʝ ʚ ʩʪʘʪʴʝ, 

ʠʤʝʝʪ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʝ ʧʨʘʢʪʠʯʝʩʢʦʝ ʟʥʘʯʝʥʠʝ, ʩʦʩʪʦʷ-

ʱʝʝ ʚ ʪʦʤ, ʯʪʦ ʚʳʩʦʢʦʯʘʩʪʦʪʥʳʝ ʢʦʣʝʙʘʥʠʷ ʢʦʥʩʦʣʴʥʦ-

ʟʘʱʝʤʣʝʥʥʳʭ ʧʣʘʩʪʠʥ ʚʩʪʨʝʯʘʶʪʩʷ ʚ ʨʘʟʣʠʯʥʳʭ ʧʨʠ-

ʢʣʘʜʥʳʭ ʟʘʜʘʯʘʭ ʪʝʭʥʠʯʝʩʢʦʛʦ ʭʘʨʘʢʪʝʨʘ (ʤʠʢʨʦ- ʠ 

ʥʘʥʦʵʣʝʢʪʨʦʥʠʢʝ, ʚ ʟʘʜʘʯʘʭ ʩʪʨʦʠʪʝʣʴʥʦʡ ʤʝʭʘʥʠʢʠ, 

ʧʨʠ ʤʦʜʝʣʠʨʦʚʘʥʠʠ ʪʝʭʥʠʯʝʩʢʠʭ ʩʠʩʪʝʤ, ʚ ʛʝʦʬʠʟʠʢʝ ʠ 

ʜʨ.), ʪʘʢʞʝ ʜʘʥʥʳʝ ʨʝʰʝʥʠʷ ʤʦʛʫʪ ʙʳʪʴ ʠʩʧʦʣʴʟʦʚʘʥʳ 

ʜʣʷ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʡ ʦʧʪʠʤʠʟʘʮʠʠ, ʜʣʷ ʘʥʘʣʠʟʘ ʫʩʪʦʡ-

ʯʠʚʦʩʪʠ ʢ ʚʠʙʨʘʮʠʠ ʪʝʭʥʠʯʝʩʢʠʭ ʩʠʩʪʝʤ.  
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Ý2 = 1.5301                                                                                            Ý3 = 2.3255 

ʘ                                                                                                       ʙ 

           

Ý4 =2.8626                                                                                   Ý5 = 3.0903 

ʚ                                                                                                               ʛ 

ʈʠʩ. 3. ʉʦʙʩʪʚʝʥʥʳʝ ʬʦʨʤʳ ʢʦʣʝʙʘʥʠʡ ʢʦʥʩʦʣʴʥʦ-ʟʘʱʝʤʣʝʥʥʦʡ ʪʦʣʩʪʦʡ ʧʣʘʩʪʠʥʳ: ʘ, ʙ, ʚ, ʛ ï ʚʪʦʨʘʷ, ʪʨʝʪʴʷ, ʯʝʪʚʝʨʪʘʷ ʠ ʧʷʪʘʷ 

Fig. 3. The natural modes of the cantilevered thick plate; (a), (b), (c), (d) are the second, third, fourth, fifth shape modes 

ɹʣʘʛʦʜʘʨʥʦʩʪʠ 

 

ʀʩʩʣʝʜʦʚʘʥʠʝ ʚʳʧʦʣʥʝʥʦ ʧʨʠ ʬʠʥʘʥʩʦʚʦʡ ʧʦʜ-

ʜʝʨʞʢʝ ʈʌʌʀ ʠ ʛʦʨʦʜʘ ʉʝʚʘʩʪʦʧʦʣʷ ʚ ʨʘʤʢʘʭ ʥʘʫʯʥʦʛʦ 

ʧʨʦʝʢʪʘ ˉ 18-41-920001. 
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