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 Memory-dependent derivatives (MDD) have physical meaning, and compared to fractional
derivatives, they are more suitable and convenient for temporal remodeling. In this study, the tem-
perature and stress distributions in an infinitely extended generalized thermally elastic solid circular 
cylinder have been investigated by utilizing the concept of a memory-dependent heat conduction 
model. The homogeneous, isotropic, infinitely long solid circular cylinder is considered to have a
lateral surface that is free of traction and is subjected to a known surrounding temperature. In the
domain of the integral Laplace transform, the problem is worked out, and its complex inversion is
performed numerically using the Fourier series expansion method. The material properties of cop-
per metal are chosen for the purpose of numerical computation, and the thermoelastic impact of
time delay on temperature distribution, displacement distribution, and thermal stresses are repre-
sented graphically. Also, time delay's effect on temperature history, displacement history, and ther-
mal heat transfer stress history are shown, respectively. This study could also benefit mathemati-
cians and researchers involved in the development of thermoelasticity, as it accounts for the
memory-related derivatives that are useful in explaining the behaviour of a variety of physical pro-
cesses. The thermal fluctuations captured by various factors with memory-dependent responses 
are used in engineering applications to realistically design machines or structures. 
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Introduction 
 
In this current decade, many researchers have started a 

new contribution on memory-based derivatives. In 2011, 
Wang and Li [1] gave the concept of MDD (memory-depend-
ent derivatives) by surpassing the fractional derivative. Cur-
rently, MDD has developed as an emerging field of fractional 
calculus that is continually expanding due to its ability to re-
flect memory-dependent responses in various physical pro-
cesses. Despite being specified on an interval, the fractional 
derivative (FD) mainly captures local change. The physical 
meaning of MDD is significantly more noticeable than that 
of FD. The MDD-dependent weight is reflected by the kernel 
function, while the time delay demonstrates the duration of 
the memory effect. Available research shows that the 
memory-related derivative is more appropriate for temporal 
modelling which is useful in describing the thermal effect of 
solid bodies. Memory-dependent derivatives are capable of 
replacing fractional derivatives and having useful applica-
tions in the field of thermoelasticity, thermoelectricity, parti-
cle physics and vibration mechanics etc. For more details on 
the fractional-related theory of thermal response, refer to the 
contents developed by many renowned researchers, as shown 
in references [2–13]. 

El-Karamany and Ezzat [14] constructed generalized 
thermoelastic theory with time delay and investigated MDD 
problem for a half space Cartesian body. Sun and Wang [15] 
reconstructed the memory dependent heat model based on the 
assumption that temperature increases slowly after heat 
transfer. Xue et al. [16] investigated thermal stresses in hol-
low cylinder containing internal and surface crack by using 
integral transform technique by considering heat conduction 
model with memory dependent derivatives. Ma and Gao [17] 
studied dynamic response of infinite hollow cylinder under 
thermal shock based on generalized nonlocal thermoelastic 
theory and MDD theory. Recently, Verma et al. [18] deter-
mined the impact of memory in hygrothermoelastic hollow 
cylinder by theory of uncoupled-coupled heat and moisture. 
Marin [19, 20] contributed the thermoelastodynamics study 
on bodies with void. Abouelregal et al. [21 to 26] elaborated 
the study of thermoelasticity based on higher-order memory-
dependent derivative with time delay and discussed vibra-
tional behaviour in nanobeam. Atta [27] analyzed fractional 
operator response on thermal diffusion problem of infinite 
medium. Yu et al. [28] developed a novel thermoelastic 
model using memory-related derivatives and described its 
applications. Hussein [29] determined the solution by consid-
ering the circular cylinder problem under fractional theory. 

Chepurnenko and Turina [30] determined the stress-
strain relation for multilayer beams using the finite element 
method. Ogorodnikov et al. [31] constructed the mathemati-
cal model for nonlinear viscoelasticity and discussed the im-
pact of fractional integro-differentiation. Also, various other 
authors contributed to the field and evaluated the impact of 
fractional responses on different bodies, as highlighted in 
[32–38]. 

 

According to the aforementioned literature review, the 
Memory dependent derivative surpasses the fractional deriv-
ative on the basis of significant improvements in memory-
related response. Thus, the authors have the opportunity to 
investigate the impact of MDD in an infinitely long, solid cir-
cular cylinder whose lateral face is free from traction and ex-
posed to a specified ambient temperature. To obtain the solu-
tion of temperature and stress distribution, Laplace transform 
is utilized and its inversion is carried out numerically by Fou-
rier series expansion method as given by Honig and Hirdes 
[39]. Obtained thermoelastic responses are represented 
graphically and the effects of MDD are discussed. 

 
1. Basic Equations 

 
A memory-dependent derivative of function ( ),x tΨ  is 

described by Wang and Li [1] as a weighted integration of 
the common integer-order derivation on a slipping interval 
defined as 

 ( ) ( ) ( )1, , .
t

t

D x t K t x dω ξ

−ω

′Ψ = − ξ Ψ ξ ξ
ω    (1) 

The m-th-order memory-dependent derivative of a func-
tion ( ),x tΨ  that is m times differentiable with respect to t is 
written as 

( ) ( ) ( ) ( )1

1

,1, , ,
t mm

m
m m

t

x
D x t D x t K t d

t

−

ω ω−
−ω

∂ Ψ ξ∂Ψ = Ψ = − ξ ξ
ω∂ ∂ξ (2) 

where, Kernel function ( )K t − ξ  and time delay ω are cho-
sen arbitrarily in order to capture materials real behaviors.  

In general, ( )0 1K t≤ − ξ ≤  for [ ],t tξ ∈ − ω  and 

( ) ( ),
,

x t
D x t

tω

∂ψ
ψ ≤

∂
, so that the magnitude of memory 

dependent derivative ( ),D f x tω  is usually smaller than that 

of the common partial derivative ( ),x t
t

∂ψ
∂

. 

The kernels function may be chosen as 

 

( ) ( ) ( )

( )
( )

2
2

2

2

21

1 0,

1 0, ,
2

11 0, ,
2

1 1,

b aK t t t

a b

t a b

t
a b

t a b

− ξ = − − ξ + − ξ =
ω ω

= =
 ω − − ξ = =

 − ξ=  − = = ω


− ξ − = =  ω 

  (3) 

where, a  and b  are constants. 
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2. Problem Formulation 
 
Followed by Hussein [29], we assume a homogeneous, 

isotropic infinitely long solid circular cylinder having 
( ), ,r zψ as cylindrical polar coordinates and radius R . The 
cylinder's surface is considered to be traction-free. All the 
considered functions are dependent on r  and time t  as a re-
sult of the cylindrical symmetry. 

Because of the radial symmetry of the problem, the u
displacement elements are treated as ( )( ), , 0, 0u u r t= . 

The strain components produced due to displacement 
field are as 

 ,rr
ue
r

∂=
∂

  (4) 

 ,ue
rψψ =   (5)  

 0,r z rz zze e e eψ ψ= = = =  (6)  

where cubic dilatation e  is given by 

 .u ue
r r

∂= +
∂

 (7)  

Sherief et al. [13] presented the theory of fractional order 
of thermoelasticity, in which the heat conduction equation 
was presumed to be: 

 ; 0 1,qq k T
t

∂+ τ = − ∇ ≤ ≤
∂



    (8) 

where q denotes the element of the heat flux vector, τ repre-
sents the relaxation time, k denotes the thermal material con-
ductivity and   is constant. 

Yu et al. [28] recently provided an application of a 
memory-related derivative. In their study, they substituted 
the memory-dependent derivative (MDD) for fractional cal-
culus to represent memory-dependence in the rate of heat flux 
in the Lord-Shulman generalised thermoelasticity theory, as 
follows: 

 .q D q k Tω+ τ = − ∇  (9) 

In absence of an inner thermal source, the heat transfer 
equation for isotropic materials has the following form: 

 2
0(1 ) ( ) ,E

T eD C T k T
t tω

∂ ∂+ τ ρ + γ = ∇
∂ ∂

  (10)  

where EC  denotes the specific heat at static strain, ρ  desig-
nates the density, T  represents the temperature in absolute 
terms, and 0T  is the temperature of the reference that is sup-

posed to be such that 0 1.T T− <<  
The motion equation for this theory is formatted as 

 
2

2
2( 2 ) ,T uu

r t
∂ ∂λ + μ ∇ − γ = ρ
∂ ∂

  (11) 

where λ , μ  denotes the Lame’s constants, and γ  represents 
material constant specified by (3 2 ) tλ + μ α  where tα  stands 
for the linear thermal expansion coefficient; 

where the definition of 2∇ , the Laplace's operator in cy-
lindrical polar coordinates, is 

2 1 .r
r r r

∂ ∂ ∇ =  ∂ ∂ 
 

We obtain below expression by using the divergence op-
erator on both sides of equation (11) as 

 
2

2 2
2( 2 ) .ee T

t
∂λ + μ ∇ − γ ∇ = ρ
∂

  (12)  

The constitutive relations giving the stresses ijσ have 
the form 

 02 ( ),r r r re e T Tσ = μ + λ − γ −   (13) 

 02 ( ),e e T Tψ ψ ψ ψσ = μ + λ − γ −   (14) 

 0( ),z ze e T T= λ − γ −   (15) 

 0.z r z re e eψ ψ= = =   (16) 

Let's introduce the dimensionless variables: 
2, , ,

, , ,r r
r r

r c r c u t c t

c t ψ ψ
ψ ψ

′ ′ ′= η μ = η = η
σ σ

′ ′ ′τ = η σ = σ =
μ μ

 

0( ) , , ,
2 2

, ,
2

r
r

T T h Fh F
k c

qR c R q
k c

γ − γ′ ′ ′θ = = =
λ + μ η λ + μ

γ′ ′= η =
λ + μ η

 

where 

2 , .ECc
k

ρλ + μ= η =
ρ

 

The governing equations (8), (9), (11) and (12) have the 
following forms when using the aforementioned non-dimen-
sional variables and dropping the primes out of convenience 

 2(1 ) ( ) ,eD
t tω

∂θ ∂+ τ + ε = ∇ θ
∂ ∂

  (17) 

 
2

2 2
2 ,ee

t
∂∇ − ∇ θ =
∂

  (18) 

 ( )2 22 2 ,r r r re eσ = + β − − β θ   (19) 

 ( )2 22 2 ,e eψ ψ ψ ψσ = + β − − β θ   (20) 

 ( )2 22 ,z ze e= β − − β θ   (21) 

 0,z r z re e eψ ψ= = =   (22) 
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where 

( )
( )2

20 2
, ,

2
T

k
λ + μγ

ε = β =
λ + μ η μ

 

It is assumed that the initial conditions of the problem are 
of a homogeneous nature, complemented by the following 
limiting boundary conditions as:  

(i) The surface of the cylinder is traction free 

 ( , ) 0 ; 0.r r r R
r t t

=
σ = >   (23) 

(ii) The boundary condition for the heat convection 

 ( ).
r R

H t
r =

∂θ =
∂

  (24)  

 
3. Problem-solving in the Integral Laplace  
Transform Domain 

 
Using the Laplace transform with relation-defined pa-

rameter s  

 ( )
0

( ) .s tT s e T t dt
∞

−=    (25)  

The following equations are obtained by applying the 
transform in equation (25) to both sides of equations (17) 
through (24).  

 2[ (1 )] (1 ) ,s G s G e∇ − + θ = ε +   (26)  

 2 2 2( ) ,s e∇ − = ∇ θ   (27)  

 ( )2 22 2 ,r r r re eσ = + β − − β θ   (28)  

 ( )2 22 2 ,e eψ ψ ψ ψσ = + β − − β θ   (29)  

 ( )2 22 ,z ze e= β − − β θ   (30) 

 0,z r z re e eψ ψ= = =   (31) 

 ( , ) 0,r r R sσ =   (32)  

 1 ; ,r R
r s

∂θ = =
∂

  (33) 

Where 

 ( )
2 2

2
2 2

2 2 21 1 2 .s sb a aG e a b e
s ss

− ω − ω    τ  = − − + − − +    ω ω ωω     
 (34) 

Eliminating e  between (26) and (27), we get 

 ( ){ }4 2 2 3[ 1 (1 ) ] (1 ) 0.s G s s G∇ − ∇ + ε + + + + θ =   (35) 

The equation (35) can be factorized as 

 2 2 2 2
1 2( ) ( ) 0,k k∇ − ∇ − θ =   (36)  

where 2
1k , 2

2k  are the roots of the characteristic equation  

( )4 2 2 3[ 1 (1 ) ] (1 ) 0k k s G s s G− + ε + + + + =  

and satisfying the two relations 

( )2 2 2
1 2 1 (1 ) ,k k s G s+ = + ε + +  

2 2 3
1 2 (1 ).k k s G= +  

The solution of Eq. (36) can be written in the form 
1 2θ = θ + θ  where iθ  stands for complete integral of the 

equation  

 2 2( ) 0 for 1,2.ik i∇ − θ = =   (37)  

The result of the solution for equation (37) can be ex-
pressed as 

 
( )

( )

2 2
0

2 2
0

( ) ( )

( ) ( ) ; 1,2,
i i i

i i i

A s k s I k r

B s k s K k r i

θ = − +

+ − =
  (38)  

where ( )0I z , ( )0K z  are the modified Bessel function forms 

of the first and second kinds, respectively, and ( )iA s , ( )iB s
, 1, 2i =  are parameters that rely only on s. 

Thus the general solution of Eq. (36) is given by 

( ) ( )
2

2 2 2 2
0 0

1

( ) ( ) ( ) ( )i i i i i i
i

A s k s I k r B s k s K k r
=

 θ = − + −   

since ( )0K z  not bounded at 0r = , we must putting 

( ) 0iB s = . Thus, 

 ( )
2

2 2
0

1

( ) ( ) ,i i i
i

A s k s I k r
=

θ = −   (39) 

( ) ( )
( ) ( ) ( )

( ) ( ) ( )

2 2
0 2 1 1 1

1 2 2 2 2
1 1 1 1 0 2 1 1 1

2 2 2 2
2 2 1 2 0 1 1 1 1

(2 )
( ) ,

( ) (2 )

( ) (2 )

s I k R k R I k R
A s

k s k I k R s I k R k R I k R
s

k s k I k R s I k R k R I k R

β −
=

  − β −   
 

 − − β −   

 (40) 

( ) ( )
( ) ( ) ( )
( ) ( ) ( )

2 2
0 1 1 1 1

2 2 2 2 2
2 2 1 2 0 1 1 1 1

2 2 2 2
1 1 1 1 0 2 2 1 2

(2 )
( ) ,

( ) (2 )

( ) (2 )

s I k R k R I k R
A s

k s k I k R s I k R k R I k R
s

k s k I k R s I k R k R I k R

β −
=

  − β −   
 

 − − β −   

 (41) 

Similarly, we get  

 ( ) ( )2 2
1 1 0 1 2 2 0 2( ) ( ) .e k A s I k r k A s I k r= +   (42) 

Using equation (42) as a substitute in (7) and integrating 
with regard to r gives us 

 [ ] [ ]1 1 1 1 2 2 1 2( ) ( ) ( ) ( ) ,u k A s I k r k A s I k r= +   (43) 

 

1 1
1 1 1 0 1

1 2
2 2 2 0 2

( )( ) ( )

( )( ) ( ) .

I k ru k A s k I k r
r r

I k rk A s k I k r
r

∂  = − + ∂  
 + −  

  (44) 
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Substituting from equations (4), (5), (39)–(44) into (28) 
and (29), we obtain the stress components as 

 

2 2 1
1 0 1 1 1

2 2 2
2 0 2 1 2

2( ) ( ) ( )

2( ) ( ) ( ) ,

r r
kA s s I k r I k r
r

kA s s I k r I k r
r

 σ = β − +  
 + β −  

  (45)  

     
( )

( )

2 2 2 1
1 1 0 1 1 1

2 2 2 2
2 2 0 2 1 2

2( ) 2 ( ) ( )

2( ) 2 ( ) ( ) .

kA s s k I k r I k r
r

kA s s k I k r I k r
r

ψψ
 σ = β − + + 
 

 + β − + 
 

  (46) 

 
4. Numerical Inversion of the Laplace  
transformation 

 
Solution of the problem is obtained in Laplace transform 

domain and its complex inversion is carried out numerically 
by assuming process assumed by Honig and Hirdes [39]. 

The Laplace transform of ( )tψ  is defined as 

 ( )
0

( ) .s ts e t dt
∞

−ψ = ψ   (47)  

Its numerical inversion is as given in [39] is utilized for 
calculation. 

( ) ( ) ( )
1

1 Re 1 ;
2

4.7.

Nct
n

n

e i nt c c
t t

ct
=

 π ψ = ψ + − ψ +  
  

≈

  (48) 

 
5. Numerical Results and Discussions 

 
Materials properties of copper metal mentioned in [29] 

are chosen for the purpose of numerical computation with the 
physical data: 

 
Symbol Value Unit 

ρ  8954  ( )( ) 3kg m −  

λ  ( )107.76 10  ( ) ( )1 2m s− −  

μ  ( )103.86 10  ( ) ( )1 2m s− −  

η  8886.73  ( )( ) ( ) ( )1 1 2kg m K s− − −

k  386  ( )( )( )1 3kg m K s− −  

0T  293  ( )K  

Ec  383.1 ( )( )( )2 1 2m K s− −  

 
In this part, our focus is to investigate the impact of time 

delay 0.01, 0.02, 0.03ω =    on temperature distribution, dis-
placement distribution and thermal stresses, whose graphical 
plotting is as shown in Fig. 1 to 4 respectively. Also, time 
delay's effect on temperature history, displacement history 

and thermal heat transfer stress history is shown respectively in 
Fig. 4 to 8. In numerical computation non-dimensional relaxa-
tion time 0.1τ =  and radius varies from 0r =  to 1r R= = .  

 

Fig. 1. Temperature distribution 

 

Fig. 2. Displacement distribution 

 

Fig. 3. Radial stress distribution 

 

Fig. 4. Hoop stress distribution 
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Fig. 5. Effect on temperature history 

 

Fig. 6. Effect on the displacement history 

 

Fig. 7. Effect on radial stress history 

 

Fig. 8. Effect on past hope stress 

From Fig. 1 the great impact of time delay on the tem-
perature distribution function is seen along radial direction at 

0.03t = . The smoother distribution of temperature is 

observed for larger time delay or we can say that temperature 
decreases with increase in value of parameter ω . The ob-
tained result totally matches with [16] for Kernel function 

( ) 1.K t − ξ =  Also temperature goes on decreasing towards 
outward radial direction for different value of time delay 

0.01, 0.02, 0.03ω =   . Further we can say that thermal waves 
are varying continuously, smoothly and reach to steady state 
depending of time delay. 

Fig. 2 presents the variation of displacement distribution 
for different values of time delay ω along radial direction r . 
Displacement distribution is zero at 0r =  and reaches to its 
peak at 0.3r =  then it slight decreases towards outer radii. 
Here large distribution in displacement is noted for small val-
ues of parameter ω . Hence we can say that displacement is 
also significantly affected by values time delay parameter. 

Fig. 3 shows the radial stress distribution along radial di-
rection with the impact of time delay parameters 

0.01, 0.02, 0.03ω =    at 0.03t = . The influence of time delay 
strongly affects the stress distribution and it is found that 
stresses decreases in the range 0 0.1r≤ ≤  and then goes on 
increasing gradually towards outer radii. For higher value of 
parameter ω , large distribution in stress function is observed. 
Hence we can say a time delay dependent stress wave varies 
continuously and smoothly along radial direction. Also the 
value of radial stresses becomes zero at 1r =  which matches 
with the prescribed free-end mathematical condition as de-
fined in equation (23). 

Fig. 4 shows the continuous and smooth variation of 
hope stress ( )ψ ψσ  distribution with impact of time delay in 

radial direction. The stress functions are compressive 
throughout the radial direction and large distributions in 
stresses are noted for small value of parameter ω . Further 
maximum stress distribution is obtained at 0.2r =  then after 
it gradually increases towards outer radii. 

The effect of time delay on temperature history at 0.5r =  
is depicted in Fig. 5. Initially temperature is zero and goes on 
increasing with time for different value of ω . Also it is noticed 
that temperature varying smoother for large time dealy, hence 
we can say that effect of time delay on temperature history 
plays an important role which can be used in classification of 
materials on the basis of ability to conduct heat. 

Fig. 6 indicates that the displacement distribution is also 
significantly affected by different values of time parameter 
delay ω on temperature history. For large value of time delay 
small distribution in displacement history is observed for in-
finitely long circular cylinder. 

The effects of the history of radial stress ( )r rσ  at 

0.5r =  for time delay are depicted in Fig. 7. It is evident that 
with increase in time radial stresses gradually increasing to-
wards outer radii and maximum distribution in stress is ob-
served for small value of ω . It is noticeable that radial 
stresses are tensile in initial time period 0 0.2t≤ ≤  and be-
comes compressive in range 0 0.2t≤ ≤ . This indicates that 
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radial stress history significant effected by the impact  
of time delay. 

Fig. 8 shows the impact of hoop stress ( )ψ ψσ  history 

with impact of time delay 0.5r = . Initially the stress ( )ψ ψσ  

decreases rapidly in the range 0 0.1t≤ ≤  and gradually in-
creases with increase in time. Also large variation in hoop 
stress distribution exists for higher value of parameter ω . The 
finite speed of wave propogation is seen for different time 
delay parameter and obtained stress curve is compressive 
throughout the variation. 

 
Conclusion 

 
MDD is the extension part of FD theory. Fractional order 

theory reflects the memory effect which is given by Caputo 
fractional derivative and applicable to wave equation and dif-
fusion equation. While MDD is the timeframe reflects the du-
ration of the memory effect and the kernel feature reflects the 
dependent weight. The heat flow solution is obtained em-
ploying the fractional order theory as a long tail solution that 
corresponds to the kernel. In this paper we modify the work 

studied by [29] and discuss the thermoelastic response due to 
the impact of MDD. Due to the memory dependent deriva-
tives the graphical representations are reflect more suitability 
for temporal modeling.  

The following results of study can be summarized as: 
• Graphical analysis indicates that variation of tem-

perature, displacement and stress functions assumed thermo-
elastic problem is restricted in a bounded region and no vari-
ation is noted beyond the region. This phenomenon reflects 
that waves propagate with finite speed and the obtained result 
matches with analysis by [14]. 

• The variation of temperature, displacement and 
stress functions are significantly affected by different value 
of time delay parameter ω . 

• On comparing with fractional order derivative anal-
ysis as done by [25], the impact of memory dependent deriv-
atives is more significant and describes memory effect more 
intuitive than the numerical derivative. 

Memory dependent derivatives may be used for classifi-
cation of materials on the basis of time delay parameters 
which has ability to describe memory impact on temperature, 
displacement and stress history. 
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